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AROUND THE LIE CORRESPONDENCE FOR COMPLETE KAC MOODY 
GROUPS AND GABBER KAC SIMPLICITY 

TIMOTHEE MARQUIS* * 


Abstract. Let fc be a field and A be a generalised Cartan matrix, and let ©^(fc) be the correspond¬ 
ing minimal Kac—Moody group of simply connected type over k. Consider the completion 
of introduced by O. Mathieu and G. Rousseau, and let (fc) denote the unipotent radical 

of the positive Borel subgroup of In this paper, we exhibit some functoriality dependence 

of the groups (fc) and on their Lie algebra. We also produce a large class of exam¬ 

ples of minimal Kac—Moody groups &A{k) that are not dense in their Mathieu-Rousseau completion 
Finally, we explain how the problematic of providing a unified theory of complete Kac— 
Moody groups is related to the conjecture of Gabber-Kac simplicity of 0^”*“(fc), stating that every 
normal subgroup of 0^"*“ (fc) that is contained in 11^“*’ (fc) must be trivial. We present several mo¬ 
tivations for the study of this conjecture, as well as several applications of our functoriality theorem, 
with contributions to the question of (non-)linearity of and to the isomorphism problem 

for complete Kac-Moody groups over finite fields. For k finite, we also make some observations on 
the structure of 11^“"*" (fc) in the light of some important concepts from the theory of pro-p groups. 


1. Introduction 

The main theme of this paper is the correspondence between the properties of a complete Kac- 
Moody group and its Lie algebra over an arbitrary field, with a special emphasis on the case of finite 
ground helds. 

Let A = {aij)ij(=i be a generalised Cartan matrix (GCM) and let g = g(A) be the associated Kac- 
Moody algebra f |Kac90p . Let also 0 a denote the corresponding Tits functor of simply connected 
type, as dehned by J. Tits f |Tit87p . Given a field k, the value of ©a over k is called a minimal 
Kac-Moody group. This terminology is justified by the existence of larger groups, called maximal or 
complete Kac-Moody groups, which can be constructed as completions &A{k) of 0A(fc) with respect 
to some suitable topology. For instance, the completion of the affine Kac-Moody group SL„(/cp, 
of type An-i is the maximal Kac-Moody group SL„(/c((t))). 

Roughly speaking, a minimal Kac-Moody group &A{k) is obtained by “exponentiating” the real root 
spaces of the Kac-Moody algebra g, while completions <8A{k) of 0A(fc) are obtained by exponentiating 
both real and imaginary root spaces of g. As a result, it is generally easier to make computations in 
0A(fc) rather than in &A{k) (see e.g. |CR141 Remark 2.8]). Another motivation to consider maximal 
Kac-Moody groups rather than minimal ones is the fact that, when fc is a finite field, the groups ©A(fc) 
form a prominent family of simple, compactly generated totally disconnected locally compact groups. 
Such groups have received considerable attention in the past years (see |CRW14j for a current state of 
the art). 

Unlike minimal Kac-Moody groups, whose definition is somehow “canonical” (in the sense that 
the Tits functor ©a over the category of helds is uniquely determined by a small number of axioms 
generalising in a natural way properties of semi-simple algebraic groups), maximal Kac-Moody groups 
have been constructed in the literature using different approaches. There are essentially three such 
constructions of completions of a minimal Kac-Moody group ©A(fc), which we now briefly review. 
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The first approach is geometric. The Remy-Ronan completion of &A{k) ([RRQ 6 ]) is the 

completion of the image of &A{k) in the automorphism group Aut(X+) of its associated positive 
building, where Aut(X+) is equipped with the topology of uniform convergence on bounded sets. A 
slight variant of this construction was introduced by P-E. Caprace and B. Remy (' [CR091 §1.2]): the 
resulting group admits ©^(fc) as a dense subgroup and &Aik) as a quotient. 

The second approach is representation-theoretic. The Carbone-Garland completion with 

dominant integral weight A l |CG03p is the completion of the image of &A{k) in the automorphism 
group Aut(Lfc(A)) of an irreducible A-highest-weight module Afe(A) over k. Again, as for (S^J^{k), 
this construction can be slightly modified to produce a group 0‘^^{k) containing <SA{k) as a dense 
subgroup, rather than a quotient of &A{k) l |Roul61 6 . 2 ]). 

The third approach is algebraic. It is closer in spirit to the construction of the Tits functor ©yi, and 
produces a (topological) group functor over the category of Z-algebras, denoted such that ©^(fe) 

canonically embeds in ©^'"“(fc) for any field k. The group ©^'"“(fe) was first introduced by O. Mathieu 
(' |Mat 88 | l and further developed by G. Rousseau l [Roul 6 | l. and will be called the Mathieu-Rousseau 
completion of &A{k). Over k = <C^ the group ©]^™“(fc) coincides with the maximal Kac-Moody group 
constructed by S. Kumar l |Kum021 §6.1.6]). 

The Mathieu-Rousseau completion of ©^(fc), which will be used in this paper, is better suited to 
the study of finer algebraic properties of Kac-Moody groups, as for instance illustrated in [Marl4j and 
|CR14) . The reason for this is that the relation between ©]^™“(fc) and its Kac-Moody algebra g is 
more transparent than for the other completions. Our first theorem further illustrates this statement. 

Let 0 = t) ©0QeA(A)0a be the root decomposition of g with respect to its Cartan subalgebra (), 
with corresponding set of roots A(A) (resp. of positive roots A 4 .(A), of positive real roots A1|®(A)). 
Let gz denote the standard Z-form of g introduced by J. Tits (' [Tit871 §4]) and set g^ := gz (x)z k. 
Set also n+(A) := @aeA+(A) 0“ (^) ^ 0z) ®z k. Finally, let il™“"'"(fc) denote the 

unipotent radical of the positive Borel subgroup of &^°'{k): the Lie algebra corresponding to il™“^(fc) 
is then some completion of n^(A). Our first theorem exhibits some “functorial dependence” of the 
group (fc) on its Lie algebra. 

Theorem A. Let k be a field, and let A = o,nd B = {bij)ij^i be two GCM such that bij ^ 

for all i,j G I. Then the following assertions hold: 

(i) There exists a surjective Lie algebra morphism tt: n'^(A) — > n'*"(i?). 

(ii) TT can be exponentiated to a surjective, continuous, open and closed group morphism 

tt: il™“+(fc) ^il™“+(fc). 

A more precise version of Theoremis given in H3.2I below (see Theorem 13.6p . 

Now that we introduced the three constructions of maximal Kac-Moody groups that can be found 
in the literature, a very natural question arises: how do these constructions compare to one another? 
Or, more optimistically stated: do the geometric, representation-theoretic and algebraic completions of 
©^(fc) yield isomorphic topological groups? Surprisingly, the answer to this question is yes in many 
cases, and conjecturally yes in (almost) all cases. 

One obstruction to an affirmative answer in all cases is the fact that the closure <6Aik) of &A{k) in 
its Mathieu-Rousseau completion iS^°‘{k) might be proper. Note, however, that &A{k) = &^°'{k) 
as soon as the characteristic of k is zero or bigger than Ma '■= max^^j joy j (see |Roul61 6.11]). On the 
other hand, G. Rousseau proved that there always exist continuous group morphisms ©^(fc) ^ ©(]('’'(fe) 
and &‘j^^{k) ©(^’'(fc), which are moreover isomorphisms as soon as char k = 0 and A is symmetrisable 

(see [Roul61 6.3 and 6.7]). When k is finite, these morphisms are surjective, but the question of their 
injectivity is open. 

Assume that ©^(fc) = ©]^™“(fc) and denote by </>: ©(^'"“(/c) ^ the composition of the two 

above morphisms. The kernel of f then coincides with Z'j^ n 11™“"*" (fc), where Z'^ denotes the kernel of 
the ©(^™“(fc)-action on its associated building X+. The injectivity of (p thus amounts to Z)^ nil™“''"(fc) 
being trivial or, equivalently, to the statement that every normal subgroup of 0^°‘{k) that is contained 
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in 11™“”''(A:) must be trivial. If this is the case, we call simple in the sense of the Gabber-Kac 

theorem^ or simply GK-simple. This terminology is motivated by its Lie algebra counterpart, stating 
that, at least in the symmetrisable case, every ideal of the Kac-Moody algebra g that is contained 
in n+(A) must be trivial: this is an equivalent formulation of the Gabber-Kac theore irQ (' |Kac90l 
Theorem 9.11]). For more details about GK-simplicity, we refer to il2.71 below. 

One of the purposes of this paper is to attract attention to the following GK-simplicity conjecture 
and to provide motivations for its study - besides the motivation to clarify the relations between the 
different completions of ©yi(fc), and hence to provide a unified theory of complete Kac-Moody groups. 

Conjecture 1. Let A be a GCM and let k be a field of characteristic zero or bigger than Ma- Then 
is GK-simple. 

Note that, as pointed out to us by Pierre-Emmanuel Gaprace, the group fails to be GK-simple 

in general for charfc ^ Ma (see Proposition 14.81 below). 

As a first motivation, we present a second functoriality theorem. For each positive real root a G 
A’)!’(A), we let be a Z-basis element of and we let a = Ca-, i £ /, be the Chevalley generators 

of n+(A). 

Theorem B. Let k be a field, B a GCM, and let {Pi \ i e 1} be a linearly independent finite subset of 
A™(i?) such that Pi — Pj f A(i3) for all i,j e /. Then the following assertions hold: 

(1) The matrix A := {Pj{Pf ))ij^i is a GCM and the map tt: n'*’(A) ^ is a Lie 

algebra morphism. 

(2) TT can be exponentiated to a continuous group morphism 

tt: U;^“+(fc) 

whose kernel is normal in In particular, if&^°‘{k) is GK-simple, then t: is injective. 

(3) The restriction ofn to il™“^(fc) n ©^(fc) extends to continuous group morphisms 

®A{k) —> and @A{k) &B{k) 

with kernels contained in Z'^. 

Note that, in contrast to Theorem E the surjective map tt-. il]J“+(fc) ^ il^“+(fc) provided by The- 
orem E can typically not be extended to the whole group ©™“"'"(A:) (or even to ®A{k)) as soon as 
A ^ B-. this is a consequence of the simplicity results for these groups (see [Marl4j and the references 
therein). A more precise version of Theorem E is given in i|3.31 below (see Theorem l3.10p . 

As a third instance of functoriality properties of Kac-Moody groups, we also establish that every 
symmetrisable Kac-Moody group ©^(fc) can be embedded into some simply laced Kac-Moody group 
&B{k), that is, such that the off-diagonal entries of B are either 0 or —1. It is known that any 
symmetrisable GCM A admits a simply laced cover, which is a simply laced GCM B for which there 
is an embedding g(A) ^ 5 {B) (see |HKL151 §2.4]). 

Theorem C. Let k be a field and A he a GCM. Let B be a simply laced cover of A, and consider the 
associated embedding n: g(A) — > g{B). Then tt can be exponentiated to continuous group morphisms 

^A{k) &B{k) and &A{k) &B{k) 

with kernels contained in Z'j^. 

Note that the embeddings of the minimal Kac-Moody groups (modulo center) provided by TheoremlCl 
preserve the corresponding twin BN-pairs and hence induce embeddings of the corresponding twin 
buildings. As pointed out to us by B. Miihlherr, similar embeddings can be obtained with a totally 
different approach (not relying on the Lie algebra), using the techniques developed in |Muh99| (see 
also |Muh02j ). A more precise version of Theorem E is given in il3.41 below (see Theorem 13. 151) . 


^Here, we define a Kac-Moody algebra using the Serre relations, as in IKacQOI §5.12] 
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Besides the question of injectivity of 4>, the second fundamental problem in trying to relate the 
different completions of &A{k) is to understand when (3A{k) is properly contained in In 

|Marl4j . we gave for each finite field k an infinite family of GCM A such that &A{k) A Here, 

we exhibit a much wider class of examples. 

Theorem D. Let /c = he a finite field, and let A = a GCM. Assume that there exist 

indices i,j e I such that \aij\ ^ q + 1 and \aji\ ^ 2. Then &Aik) is not dense in 

We give two completely different proofs of this theorem. The first relies on Theorem]^ The second 
is more constructive, and provides another perspective on this non-density phenomenon. The proof of 
Theorem[D]can be found in ^ below. 

As a second motivation for the study of Conjecture[Tl as well as a second application of Theorem lAl 
we present a contribution to the linearity question of ii^°'~^{k) for k a finite field. The long-standing 
question whether 11™“''" (fc) is linear over some field k' is still open (see |CR14[ §4.2]). The following 
theorem addresses this problem for continuous representations over local fields, provided the group 
©^™“(fc) is GK-simple (actually, an a priori much weaker version of the GK-simplicity of <S^°'{k) 
would be sufficient in this case, see Remark 15.31 belowl. 

Theorem E. Let A be an indecomposable GCM of non-finite type and let k he a finite field. Assume 
that (S^°'{k) is GK-simple and set G := ©]^™“(fc)/Z^( 4 . Then the following assertions are equivalent: 

(1) Every compact open subgroup of G is just-infinite (i.e. possesses only finite proper quotients). 

( 2 ) 11™“"''(fc) is linear over a local field. 

(3) G is a simple algebraic group over a local field. 

(4) The matrix A is of affine type. 

The proof of Theorem |E] is given in below. 

As a third motivation for the study of Gonjecture [ 1 ] we also present a contribution to the iso¬ 
morphism problem for complete Kac-Moody groups over finite fields. The isomorphism problem for 
minimal Kac-Moody groups has been addressed by P-E. Gaprace ( |Cap09[ Theorem A]). When k is 
a finite field, the group &Aik) turns out to contain, in general, very little information about A (see 
|Cap09[ Lemma 4.3]). The situation for (S^‘^{k) is completely different (see |Marl4[ Theorem E]), 
and we expect it to be possible to recover A from ©(^™“(A:) in all cases. This difference between &A{k) 
and ©(^™“(fc) is in fact related to the non-density of <3Aik) in ©]^™“(fc) (see the proof of Theorem IDl) . 
Given a GGM A = {aij)ij(=i and a subset J L, we define the GGM A\j := {aij)ijeJ- 

Theorem F. Let k, k' be finite fields, and let A = (a^-)ijg/ and B = (t<ij)i,jeJ GCM. Assume that 
p = char/c > Ma,Mb and that all rank 2 subgroups o/©^™“(fc) and ©g™“(A:') are GK-simple. 

If a: &^°'ik)f Z'j^ —>■ (S^°'ik')f Zg is an isomorphism of topological groups, then k = k', and there 
exist an inner automorphism 7 of (S^°'ik')fZg and a bijection a: I —* J such that 

(1) 7 a(il™|“+ ^(fc)) = (^') M distinct i,j G I. 

(2) G {( „^. ), (“I*)} for all distinct i,j G I. 

The proof of Theorem IF] can be found in (JBl below. Note that if ©^™“(A:) is of rank 2 and if a lifts 
to an isomorphism a: ©^™“(A:) ^ ©^™“(fc'), then the conclusion of the theorem holds without any 
GK-simplicity assumption (see Remark 16.91 belowl. 

We conclude this paper by some observations on the pro-p group 11™“'''(fc) (for k a finite field of 
characteristic p) in the light of some important pro-p group concepts, such as the Zassenhaus-Jennings- 
Lazard (ZJL) series (also known as the series of dimension subgroups, see [DdSMS9^ §11.1]). Given a 
pro-p group G with ZJL series (iJn)n>i, the space L = DnfDn+i has the structure of a graded 

Lie algebra over Fp, called the ZJL Lie algebra of G (see |DdSMS9^ page 280]). 

Theorem G. Let A be a GCM and let k be a finite field of characteristic p > Ma- Then the following 
assertions hold: 

(1) The ZJL series o/il™“+(/c) coincides with its lower central series. 
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(2) The ZJL Lie algebra is isomorphic to viewed as a Lie algebra overFp. 

The proof of Theorem iGl is given in ^ below. 

Acknowledgement. I am very grateful to Pierre-Emmanuel Caprace for triggering the research pre¬ 
sented in this paper, as well as for his useful comments. 


2. Preliminaries 

Throughout this paper, N denotes the set of nonnegative integers. 


2.1. Generalised Cartan matrices. An integral matrix A = {aij)ij^i indexed by some hnite set L 
is called a generalised Cartan matrix (GCM) if it satisfies the following conditions: 

(Cl) an = 2 for all z G /; 

(C2) Qij sg 0 for all i^jsL with i A j; 

(C3) Qij = 0 if and only if aji = 0. 

Given two GCM A = {aij)ij^i and B = (bij)ij^j, we write i? ^ A if J c / and ^ for all 
i, j G J. 


2.2. Kac—Moody algebras. The general reference for this paragraph is [KacQOl Chapters 1-5] (see 
also [Mar 131 Chapter 4]). 

Let A = {aij)ijf=i be a GCM and let (h,n = {a^ | z g I},!!'' = {a^ | z G /}) denote a realisation of 
A, as in [KacQOl §1.1]. Define 0 (A) to be the complex Lie algebra with generators e^, fi {i G /) and t), 
and with the following defining relations: 


[eijj] = 

[h,h'] = 0 
[h,ei] = (ai,h)ei, 

^ [hji] = -(ai,h')fi 


ihj el), 

(h,h' G fi), 
(iG/, hG t)), 
{ie L,he f)). 


Denote by n+ = n+(A) (respectively, n“ = n“(A)) the subalgebra of g(A) generated by e^, z g / 
(respectively, /i, z G /). Then n+ (respectively, n“) is freely generated by Ci, z G / (respectively, fi, 
i s I), and one has a decomposition 


g(A) = n © f) © h+ (direct sum of vector spaces). 


Moreover, there is a unique maximal ideal i' of 0 (A) intersecting f) trivially. It decomposes as 

i' = (i' n h“) © (i' n n^) (direct sum of ideals). 


and contains the ideal i of 0 (A) generated by the elements 

a:+- := ad{ei)^^''°‘'^''ej G fi+ and := ad(/i)^+l“’^l/j G fi“ 
for all i,jBl with i j. The Kac—Moody algebra with GCM A is then the complex Lie algebra 


0 (A) := 0 (A)/i. 

We keep the same notation for the images of Ci, /i, f) in 0 (A). The subalgebra t) of 0 (A) is called its 
Cartan subalgebra. The elements e^, fi (z G I) are called the Chevalley generators of 0 (A). They 
respectively generate the images = n+(A) and n“ = n“(A) of n+ and n“ in 0 (A). The derived 
Kac—Moody algebra qa ■= [ 0(^)1 0(4l)] is generated by the Chevalley generators of 0 (A). 

Let Q = Q{A) := Xiie/ denote the free abelian group generated by the simple roots oi, ..., q;„, 

and set Q+ = Q+(A) := Noi and Q- = Q_(A) := —<5+. Then g(A) admits a Q-gradation. More 

precisely, 

= © 0a © 1) © ^ 0a, 

aeQ_\{0} a6Q + \{0} 


0 (A) = n ©()©n 
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where for a G (5+\{0} (respectively, a G (5_\{0}), the root space is the linear span of all elements 
of the form ,..., (respectively, ,..., fi^]) such that + • • • + = a (respectively, = —a). 

Here we follow the standard notation 

[xi,X 2 ,..., Xs] := ad(a:i) ad(a; 2 )... ad(a:s_i)(a;s). 

The set of roots of g(H) is A = A(H) := {a g Q\{0} | Qa ¥= {0}}. It decomposes as A = A+ u A_, 
where A+ = A+(H) := A n Q+ is the set of positive/negative roots. The subgroup W = W(A) of 
GL((5) generated by the reflections 

Si- Q * Q '■ Oij Oij — dijOti 

for i e I stabilises A. The IT-orbit W.{ai | * G /} c A is called the set of real roots and is 
denoted A“'® = A“'®(H). Its complement A™ = A™(H) := A\A“'® is the set of imaginary roots. We 
furthermore set Aljf = A™(Al) := A^nAj- and A™ = A™(H) := A™nA+. Given a = ^ 

we call ht(a) := ^ ^ ^^e height of a. The group W also acts linearly on Q'' = Q''(A) : = 

by 

/ V \ V V 

^i\^j ) ^ji^i • 

Given a real root a = wai {w G W, i e I), we define the coroot of a as a'' := wa^ e Q''. Alternatively, 
a'' is the unique element of [ga,g_a] with a{a'') = 2 . 

2.3. Integral enveloping algebra. The general references for this paragraph are |Tit87| and |Roul 6 l 
Section 2] (see also [Mar 131 §4.2]). 

Let A = {aij)ijf=i be a GGM, and consider the corresponding derived Kac-Moody algebra g = 0 a. 
For an element u of the enveloping algebra Wc( 0 ) of g and an s G N, we write 

y(s) := (ady)G) := i(ad'u)'* and f^ m(m — 1 )... (u — s + 1 ). 
s! s! \sj s! 

Let U~ and W be the Z-subalgebras of Uc{q) respectively generated by the elements (i G 7, 
s G N), (i G 7, s G N) and (^) {h G , s G N). Then the Z-subalgebra U = U{A) of 

Uc{q) generated by U~ and is a Z-form of 74:(fl), called the integral enveloping algebra of 
0 . It has the structure of a co-invertible Z-bialgebra with respect to the coproduct V, co-unit e, and 
co-inverse r, whose restrictions to = U^{A) are respectively given by 

^ = 0 for to > 0 and = (— 

k-\-l=m 

The Z-algebra U inherits from Uc{q) a natural hltration, as well as a Q-gradation U = 
set Qz '■= Q ^^U and nj = nJ(A) := n+ n U. For a G Q+, we also set (nj)^ := nj n 0 a- For a field 
fc, we similarly write gj, := gz (x)z k, = n^(A) := nj (x)z k and (n^)a := (nj)a k, as well as 
Uk := U (g)z k. 

A set of roots c A+ is called closed if for all a, /3 G a + j5 & A+ a + j3 . For a closed 
set ih c A+, we let 7t(4>) denote the Z-subalgebra of generated by all := Uc{®n^iQna) for 
a G T. Given a held k, we dehne the completion Uk{'^) of 7/('I') over k with respect to the Q+-gradation 
as 

4(«')= n 

cx-EQ^. 

where U{'^)a ■= U{'^) nUa- For T = A+, we also write = U^{A) := Wfc(A+). 

For each i G 7, the element 

s* := exp(adei) exp(ad/i) exp(adei) G Aut(7f) 

satishes s*{Ua) = Ksi{a) for all a e Q. We denote by W* = W*{A) the subgroup of Aut(7/) generated 
by the s*,isl. There is a surjective group morphism 
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such that for any w* e W* and any i e I, the pair '■= {w*ei,—w*ei} only depends on the root 
a := 7 riY(w*)ai £ A™, that is, it is the same for any decomposition a = 7rw{v*)aj. Moreover, for any 
w £ W and any reduced decomposition w = Si^Si^ ■ ■ ■ for w, the element w* := ■ ■ ■ ^tk ^ 

only depends on w, and not on the choice of the reduced decomposition for w. For each a £ A“'®, we 
make some choice of an element (with := and e-a^ := fi for i £ /), so that = w*ei 

for some w* £ W* and i £ I with a = TTw{w*)ai. Then {ca} is a Z-basis for and we set 

s* := exp(adea) exp(ade_Q) exp(adea) = 111 * 3 *£ W*. 

Lemma 2.1. The group W acts onlA by bialgebras morphisms. 

Proof. Let u £U and i £ L Since the coproduct V is an algebra morphism, we have 

V(s» = v( ^ (ad eO(”^HadHad 

711,712,713^0 

= ^ (adci (g) 1 + 1 (gi adei)^"d(ad/i (g) 1 + 1 (g) ad /i)^”^Hadei (g) 1 + 1 (g) adei)^"^^V(u) 

711,712,713^0 

= ^ ((adei)^'’d(ad/i)^’'^Hadei)^’'^^ (g) (adei)^®^Had/i)^®^Hadei)^®^H^(^) 

7’1,T2,7’3 5=0 
-Sl,-S2,S3^0 

= {s*^s*)W{u), 

and hence Vs* = (s* ® s*)V. Since clearly es* = e for all i £ I, the lemma follows. □ 

2.4. Minimal Kac—Moody groups. The general references for this paragraph are [Tit87| and 
[Rem02[ Chapter 9] (see also |Marl31 Chapter 5]). 

Given a GCM A = we denote by ©a the corresponding Tits functor of simply connected 

type. As a group functor over the category of fields, it is characterised by a small number of properties; 
one of them ensures that the complex group 0 a(C) admits an adjoint action by automorphisms on the 
corresponding derived Kac-Moody algebra Q = Qa- Minimal Kac—Moody groups are by definition 
the groups obtained by evaluating such Tits functors over a field k. 

The minimal Kac-Moody group <8A{k) can be constructed by generators and relations, as follows. 
For each real root a £ A*"®, we let Ea denote the affine group scheme over Z with Lie algebra ga 0z = 
Zca, and we denote by Xa'- Ga ^ Ua the isomorphism from the additive group scheme Go to Ua 
determined by the choice of £ E^ as a Z-basis element, that is, 

Xa ■ Ga{k) = (fc, -I-) —> Ua{k) : r 1 —> exp(reQ) for any field k. 

A pair of roots {a, /3} c A''® is called prenilpotent if there exist some w,w' £W such that {wa, wP] c 
A™ and {w’a.w’f}) c A™. In this case, the interval 

[a,/3]N := (Na-b N/3) n A"-® 

is finite. One then defines a group functor ©t^, called the Steinberg functor associated to A, such 
that for any field k, the group &iA{k) is the quotient of the free product of the real root groups 
Uj{k), 7 £ A"'®, by the relations 

( 2 . 1 ) [xa(r),xp{s)] = n x.y{C!^j^r’‘s^) for any r,s £ k and any prenilpotent pair {a,/3} c A™, 

7 

where j = ia + jfi runs through ]a, /3 [n:= [o, /3]N\{a, P} in some prescribed order, and where the (7“^ 
are integral constants (that can be computed) depending on a,/3 and on the chosen order on ]a,/3[N 
(see |Rem02[ 9.2.2]). The canonical homomorphisms U-y{k) &iA{k) turn out to be injective, and we 
may thus identify each U^ik) with its image in ©tA(fe). There is a VF*-action on ©tA(fc), defined for 
any w* £ W*, r £ k and 7 G A''® by 

w*{x-y{r)) = w*(exp(re.y)) := exp(™*e.Y) = Xwyi^r), 
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where w := nw{w*) e W and where e G {±1} corresponds to the choice = ew*e^ G For any 
i G / and r e , we define the element 

Si{r) := Xai{r)x-a,{r~^)xai{r) 

of &iA{k) and we set Si := Si(l). 

The second step of the construction is to define the split torus scheme T = Let A be the free 
Z-module whose Z-dual A'^ is freely generated by {a^ \ i e I}. In particular, {ai \ i G /} c A, where 
we view each simple root ai as a linear functional on Xiie/ ■ ^^r any held k, we set 

T(k) := Homgr(A,A:^) 

The torus T(fc) is then generated by the elements 

r< : A ~>k^ r°‘^ (A) := r<^>0 

for r e k^ and i e I. There is a IF-action on T(fc), dehned for any i,jel and r e k^ by 

Si{r j ) = r "■ 1 ' = r ^ . 

For any held k, the minimal Kac Moody group &Aik) of simply connected type is now 
dehned as the quotient of the free product 6 t^(fc) * T(fc) by the following relations, where i e I, r e k 
and t G T(fc): 

(2.2) t ■ Xa,ir) = Xaiit{ai)r), 

(2.3) Si-t-s~^ = Si{t), 

(2.4) Si{r~^) = Si ■ for r ¥= 0, 

(2.5) Si ■ u ■ s~^ = s*(u) ioTueUj{k), 7 G A’'®. 

We let U^{k) = U^{k) denote the subgroup of &A{k) generated by all Ua{k) with a G The 
normaliser of U^{k) in &A{k) is the standard Borel snbgroup 25+(fc) = T(fc) >< U^ik). The center 
ZA{k) of &A{k) is given by 

ZA{k)= f| 525 +(%-i = {tGT(fc) I t(aO = 1 ViG/}. 
ge0Aik) 

We let fh(fc) = 54^(fc) denote the subgroup of &A{k) generated by T(fe) and by the elements Si for i e I. 
Then the assignment Si Si for i e I induces an isomorphism Tl(fc)/T(fc) = W, and (lB+(fe),*Tt(A:)) is 
a BN-pair for 0^(fc). 

2.5. Mathieu—Rousseau completions. The general reference for this paragraph is [Roul 6 | (see also 
|Mar1.31 §6.3]). 

Let A = {aij)ij(=i be a GCM. For each closed set 41 c A+(A) of positive roots, we let denote 
the affine group scheme (viewed as a group functor) whose algebra is the restricted dual Z[il'])“] : = 
©aeN'i'^('l^)* One can then dehne real and imaginary root groups il(„) = in 

H ma+ . _ (tma 

A --^A^ 

by setting := for a G A™ and il(„) := ^ ^ 

The Mathieu—Rousseau completion 0^”^“ of the Tits functor 0^ is a group functor, with the 
following properties. It contains the split torus scheme Ta, as well as the group functors it™“+ and OIa 
as subfunctors. Over a field k, the identihcation of the real root groups Ua{k) {a G A™) of &A{k) with 
the corresponding real root groups il(„)(fc) in 0]^™“(fc) produces injections of {k) in il™“+(fc) and of 
<&A{k) in 0(^™“(fc). Again, the normaliser of il™“+(fc) in 0(^'"“(fc) is the standard Borel subgronp 
25”^“+(fc) = T(fc) K U™“+(fc), and (25™“+(fc),fn(fc)) is a BN-pair for &J^°‘{k). 
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The group is a Hausdorff topological group, with basis of neighbourhoods of the identity 

the normal subgroups (n G N) of defined by 

:= where i['(n) = {a G A+ | ht(a) > n}. 

It is topologically generated by &A{k), together with the imaginary root groups a G A™. 

Unlike the minimal Kac-Moody group the Mathieu-Rousseau completion of &A{k) 

is thus obtained by not only “exponentiating” the real root spaces of the derived Kac-Moody algebra 
0 , but also the imaginary root spaces. 

The group functor admits a more tractable description in terms of root groups, which we now 

briefly review. We call an element a; G nj homogeneous if a: G (n^)a for some a G A+. In this case, 

we call deg(a:) := a the degree of x. Given an homogeneous element a; G nj with deg(a:) = a, we call 

a sequence (a;["])„gN an exponential sequence for x if it satisfies the following conditions: 

(ESI) xM = I, = X, and x^"] G Una for all n G N. 

(ES2) x[”] — x^”^ has filtration less than n in Uc(g(A)) for all n > 0. 

(ESS) V(x[”]) = Xik+i=n ® x[*] and e(x["]) = 0 for all n > 0. 

Such an exponential sequence for x exists and is unique up to modifying each x^A , n 5 = 2, by an 
element of (nj)na. In particular, when a G A")?, one has x^A = x^'A = x^/n! for all n G N. For a field 
k and an element A G fc, one can then define the twisted exponential 

[exp] Ax := ^ A'^xt”] gz2+. 

n^O 

The element [expJAx satisfies e([exp]Ax) = 1 and is group-like, that is, V[exp]Ax = [exp]Ax®[exp]Ax. 
It is moreover invertible in ^ with inverse r[exp]Ax = X;n>o 

For each a G A+, let Ba be a Z-basis of (nj)a. For a g A*^, we choose Ba = {ca}. For a closed 
subset c A+, we then call B^ = S$(A) := Uae'E ^ standard Z-basis of nj r\U{^). The 
announced description of il™“^ is provided by the following proposition. 

Proposition 2.2 f [Roul 6 [ Proposition 3.2]). Let c A+ he closed and let k be a field. Then the 
following hold: 

( 1 ) il^“(fc) can be identified to the multiplicative subgroup of Uk(f^) consisting of all group-like 
elements ofUk{^) of constant term I. 

(2) Let B^ be a standard "L-basis o/nj and choose for each x G Sip an exponential sequence. 

Then 11]^“(fc) c ^^(vji) consists of the products 

[exp] Ax X 

xeBq, 

for Ax G k, where the product is taken in any (arbitrary) chosen order on B^. The expression 
of an element o/iI^“(fc) in the form of such a product is unique. 

In this paper, we will always identify il™“^(fc) with a subset ofU/), as in Proposition 12.21 11. The 
conjugation action of the torus T(fc) on il™“+(fc) is then given by 

(2.6) t([exp]x)t“^ = [exp]t(a)x for all t G T(fc) and x G (n^)^, a G A+. 

Given i £ I, X e k and a G {+ 0 ^}, we also have a conjugation action of expAe^ on il^“yj^j(/c) given by 

(2.7) exp(Aea)Mexp(—Aca) = ^ (adAea)^"^w for all m g il^“yj^j(fc). 

Lemma 2.3. Let i e I, and let x G nj be an homogeneous element of degree a G A+\{ai}. Then for 
any choice of exponential sequence (x["])„eN for x, the sequence (s*x[”])neN is an exponential sequence 
for s*x, and we have 

Si([exp]x)s“^ = [exp](s*x) Gil™“+(/c) 
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for the corresponding twisted exponentials. 

Proof. We first prove that is an exponential sequence for s*x. Since s* preserves the 

natural gradation and filtration on Li = Li{A) and maps Lina to Linsi(a) ^ N), the axioms (ESI) and 
(ES2) are clearly satisfied. Since moreover s* acts on Li by bialgebra morphisms by Lemma 12.11 the 
axiom (ESS) is also satisfied, as desired. The second statement of the lemma follows from (12.711 . □ 

2.6. Gabber—Kac kernel and non-density. The general reference for this paragraph is |Roul 6 l 
Section 6 ] (see also [MarlSl Chapter 6 ]). 

Let A = {aij)ij(=i be a GCM and fc be a field. The minimal Kac-Moody group &A{,k) acts 
strongly transitively by simplicial automorphisms on its positive building associated to the BN- 
pair (* 8 +(fc), iTl(fc)) of &A{k). (For general background on buildings and BN-pairs, we refer the reader 
to [AB081 Chapter 6 ]). 

The Remy—Ronan completion of &A{k) (see [RR,06j 1 is the completion of the image of 

<3A{k) in the automorphism group Aut(X+) of X+, where Aut(X+) is equipped with the topology 
of uniform convergence on bounded sets. The BN-pair (* 8 "*“+(fc), iTl(fc)) of the Mathieu-Rousseau 
completion of &A{k) yields the same building (possibly with a larger apartment system). 

The kernel of the action of ©(^’"“(fc) on X+ is given by 

:= f| 5S™“+(fc)5-i 

and decomposes as Z’^ = Za - [Z'^ n 11™“+(fc)), where Za = ZA{k) is the center of <3A{k). We call the 
intersection Z'^^ nit™“^(fc) the Gabber-Kac kernel of ©(^"*“(fc), for reasons that will become clear 
in g2J] below. It can also be described as 

nil™“+(fc) = Pi uU^"^+u-\ 

where [ 7 *™+ := il^i'L(fc) is the imaginary subgroup of 11™“"''(fc). Note that if A is of indefinite type 

and fc is of characteristic zero or is finite, the quotient ©(^™“(fe)/Z(j is simple (see [Marl4) l. 

Unlike the Remy-Ronan completion, the Mathieu-Rousseau completion ©^”^“(fe) of ©^(fc) is, in 
general, not the completion of ©^(fc) (in its own topology). Note however that ©^(fc) is dense in 
©^’"“(fc) as soon as the characteristic of fe is either zero or bigger than 

Ma '■= max \aij\. 

iitj 

We denote by U'^(k) (respectively, ©^(fc)) the completion of U^{k) (respectively, ©^(fc)) in ©^™“(fc). 
The completions &A{k) and ©( 4 '(fc) of &A{k) are strongly related: there is a continuous homomorphism 

ifA-- ^(fc) -©I(fe) 

with kernel Z'j^ n &A{k) = Za ■ {Z'j^ n U\(k)), which is moreover surjective if fc is finite. 

2.7. GK-simplicity. The general reference for this paragraph is [Roul 6 l 6.5] (see also [Mar 131 §6.4]). 
Let A = {aij)ij^i be a GCM and fc be a field. By a theorem of Gabber-Kac (see [KacQOl Propo¬ 
sition 1.7 and Theorem 9.11]), every ideal of the derived Kac-Moody algebra 0 = 0 a intersecting 
the Cartan subalgebra t) trivially is reduced to {0} (at least when A is symmetrisable). Equivalently, 
every graded sub- 0 -module of 0 that is contained in n+ is reduced to {0}. The Lie algebra 0 ^ is called 
simple in the sense of the Gabber-Kac theorem^ or simply GK-simple if every graded sub-fc/fc-module 
of Qk that is contained in is reduced to {0}. Similarly, the Kac-Moody group &^°‘{k) is called 
GK-simple if every normal subgroup of ©(^’"“(fc) that is contained in il™“''"(fe) is reduced to {1}. 

It is easy to see that the Lie algebra 0 ^ is GK-simple if and only if for all <5 e A™, any homogeneous 
element a: G 0 ^ of degree J such that {a.d fi)^^^x = 0 for all i G J and s G N must be zero. By the 
Gabber-Kac theorem, 0 ^ is GK-simple when A is symmetrisable and char fc = 0. When char fc = p > 0, 
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this is not true anymore: for instance, the affine Kac-Moody algebra Qk = slm{k) <S)k is 

not GK-simple as soon as p divides m. Note, however, that the corresponding Kac-Moody group 
(3^°‘{k) = Sljm{k{{t))) is GK-simple (see |Roul6[ Exemple 6.8]). 

Note that is GK-simple if and only if its Gabber-Kac kernel Z'^ is trivial, that 

is, if and only if = Za- If 0fe is GK-simple and k is infinite, then ©(^"*“(fc) is GK-simple by |Roul6[ 
Remarque 6.9.1]. In particular, (S^°'{k) is GK-simple as soon as A is symmetrisable and charfc = 0. 


3. Functoriality 

In this section, given two GGM A and R, we define a family of Lie algebra maps n’'"(R) ^ n+(R), 
which we call Z-regular, and which can be exponentiated to continuous group morphisms 11]^“''" (fc) —» 
over any field k. We then give concrete examples of such maps, respectively yielding surjective 
and injective exponentials, as in Theorems lAl and IbI Finally, we show how Theorem [Glean be deduced 
using the same lines of proof. 


3.1. The exponential of a Z-regular map. 

Definition 3.1. Let A = {aij)ij(=i and B be two GGM. We call a Lie algebra morphism tt: n+(A) ^ 
n’''(R) Z-regular if for each i e I, there is some fHi e such that 7r(ei) e (nj {B))p^. In this case, 

we denote by tt: Q{A) Q{B) the Z-linear map defined by 

7 f(ai) = f3i Vi e I. 


Theorem 3.2. Let k be a field, and let A = B be two GCM. Let tt: n+(^) ^ r>+(R) be 

'Z-regular. Then there is a continuous group homomorphism 

tt: ^U™“+(/c) 

such that for any homogeneous x e nj (A) and any choice of exponential seguence for x, there is a 
choice of exponential sequence for 7r(x) such that 

(3.1) 7f([exp]Ax) = [exp]A7r(x) for all X s k. 


Proof. By assumption, there exist for each i e I some real root /?, G A™(R) and some A^ G Z such 
that 

7r(ei) = Aie/ 3 ^ for all i G /. 

Since G U^{B) for all n G N, the map Wc(n+(A)) Wc(n+(R)) lifting tt at the level of the 

corresponding enveloping algebras restricts to an algebra morphism 

TTi: U+{A) ^U+{B). 


Since W{B) acts on U^{B) by bialgebra morphisms (see Lemma I^Tl) . we get 
VB7ri(e,^™^) = A^Vse^™^ = A™ ^ Yi 


is) 


r+s=m 


r-\-s=m 


(tti (x)7ri)VAe-™^ 


for all i G / and m G N, where Vx denotes the coproduct on U^{X), X = A, B. Hence Vbtti = 
(tti (x)7ri)VA. Similarly, denoting by ex the co-unit on 14'^ {X), we have cbt^i = ca, and hence tti is a 
bialgebra morphism. 

Note also that tti preserves the natural gradations on IL'^{A) and U^{B), in the sense that 


(3.2) x^{U{A)^) ^U[B)^(^) forallaGQ+(H). 

In particular, the map 

U+{A) ®^k^U+{B)®ik 

obtained from tti by extension of scalars can be further extended to a bialgebra morphism 
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between the corresponding completions. Finally, since preserves the group-like elements of constant 
term 1 , it restricts to a group homomorphism 

tt: 

by Proposition [2211) ■ 

Let now x G n^(A) be homogeneous of degree a G A+(A), and choose an exponential sequence 
for x. Then y := 7 r(a;) G nj(i?) is homogeneous of degree 7 f(a) G Q+{B). We claim that the 
sequence (y^"^)n 6 N defined by 

(3.3) yt"] := 'Ki{x^'^^) for all n G N 
is an exponential sequence for y, so that 

(3.4) 7 r([exp]Aa;) = [exp]A 7 r(a;) for all Xe k. 

Indeed, = 1 and = y by the corresponding properties for x. Since ni{l{{A)na) ^ k{{B)nw(a) 
for all n G N, we also have y^A g for all n, so that the condition (ESI) is satisfied. Similarly, 

y[”l - y(”) = 7ri(a;M) - 7ri(a;)(”) = 7ri(a;[”] - x^”)) 

has filtration less than n in Uc{q{B)), because tti preserves the natural filtrations, yielding (ES2). 
Finally, (ES3) readily follows from the corresponding property for x and the fact that tti is a bialgebra 
morphism. 

Note that (j3.2|l and (j3.4|l . together with Proposition 12.2f 21. imply that 

(3.5) 7 f(il(^)(fc)) forallaG A+(yl), 

where := {1} if 7 f(a) ^ A+(i?). Since ht( 7 f(a)) ^ oo as ht(a) ^ oo, a G A+(^), we deduce 

in particular that tt is continuous. This concludes the proof of the theorem. □ 

Definition 3.3. For a Z-regular map tt: n+(A) ^ n+(i?), the map tt: il™“''"(/c) ^ ilg“"'"(fc) provided 
by Theorem 13.21 is unique if we in addition require that for any homogeneous x G nj (^), the choice 
of exponential sequence for 7r(x) for which eu holds is given by (13.31) . In this case, we call tt the 

exponential of tt. 

3.2. Surjective Z-regular maps. 

Lemma 3.4. Let A = be a GCM, and let 0 (A) = 0 (A)/i be the associated Kac-Moody 

algebra. Then i decomposes as a direct sum of ideals i = i'*’ ©i“, where i- c ft- is generated, as an 
ideal of the Lie algebra fi-, by the elements x*-, i,j G I. 

Proof. Let i- denote the ideal of h- generated by the elements xf^ i,j G /. We claim that [fk, x)^-] = 0 
for all i,j, k e L. li k ^ i, this is clear. For k = i, this follows from the formula 

[fi, (adei)™ej] = m(m - I - |ayj)(adei)™“^ej, 

obtained by an easy induction on m > 0. This implies that i"*" is in fact an ideal in fl(A), and similarly 
for i“. In particular, i = i+ ©i“, as desired. □ 

Lemma 3.5. Let A = (aij)ijei and B = {bij)ijsj be two GCM such that B ^ A. Then the assignment 
d !—>■ Ci if i £ J and Ci 0 otherwise defines a surjective Lie algebra morphism 

ttab ■■ n+(A) ^ n+{B) 

such that 7 r( 0 (A)f;^) — 0 (F?)q for all cx G — Q'd.Af - Tiiel Noi. In particular, 

A+(B) c A+(A). 

Proof. This readily follows from Lemma [211 □ 

Theorem 3.6. Let k be a field. Let A and B be two GCM such that B ^ A. Let ttab ■ n+ (A) ^ t>+ (i?) 
be the corresponding 7j-regular map, as in Lemma, \3.5\ Then the following hold: 
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(1) The exponential TTab '■ 11 ™“"'' (fc) of ttab is surjective, continuous, open and closed. 

(2) For any closed set of roots ^ ^+(^); 

In particular, 7 f(il^^(fc)) = for all a e A+(yl), where := {1} if a ^ A+(i3). 

Proof. The surjectivity of as well as the second statement of the theorem readily follow from 
m- In particular, TTABi^A'ni^)) = n(^) n eN, and hence ttab is also open and closed, as 

desired. □ 

Corollary 3.7. Let k be a field. Let A and B he two GCM such that B ^ A. Then the map 
ttab - (k) restricts to group homomorphisms 

U\{k)^Ug{k) and Lf^{k)Lf^{k). 

Proof. By Lemma 13.51 we may identify A+(i3) with a subset of A+(AI). Since a root a is real if and 
only if 2 q; is not a root by |Kac901 Propositions 5.1 and 5.5], we deduce that A"]®(A) n A+(i?) c A™(i?). 
It then follows from Theorem l3.6l that tt AB{‘A^a)^k)) c Ug{k) for any a e A™(A), and hence that tt^b 
restricts to a map (fc) (fc). The corresponding statement for the completions follows from the 

continuity of tt^ib • D 

Remark 3.8. Let A = {aij)ij(=i and B = {bij)ij^i be two GCM such that B ^ A. Then the restriction 
^ Ug{k) of ttab provided by Corollary 13.71 is. in general, not surjective anymore. Indeed, 
assume for instance that the matrices A and B are symmetric, and for X G {A, B}, let (•, ■)x denote 
the bilinear form on Q+{X) introduced in |Kac901 §2.1]. Thus, given a = Xiie/ ^ Q+{^) = Q+{B) 
with support J := {i G / j 7 ^ 0}, we have 

(3.6) ia,a)A = ^ UiU^aij = ^ ninj\aij \ sg 2^71^ - ^ mujlbijl = {a, 0 ) 3 . 

i,j^I iEl i¥=j iEl i¥=j 

Moreover, if a G A+(A), then a e A’if(X) if and only if (a,a)x = 2, while a G A™(A) if and only 
if {a,a)x ^ 0 (see |Kac901 Propositions 3.9 and 5.2]). In particular, if atj ^ bij for some i,j in the 
support J of the real root a G A™(A), then a ^ A+(i?), because {a,a)A < {oi,a)B by (13.611 . Hence 
in that case the real root group il^^(fc) is in the kernel of tt^b- For instance, if H = (^^ ^“) and 
B = “*') with b < a, then nABi^aW) = { 1 } fo'' o; G A']f(H)\{Q;i, 02}. Thus, in that case, 

^AB{U^{k)) is the subgroup ofl7^(fc) generated by the real root groups (fc) andil^ 2 (^) associated 
to the simple roots. 

3.3. Injective Z-regular maps. 

Lemma 3.9. Let B be a GCM, and let {/3i \ i s 1} be a finite subset of A’^^{B) such that (di— Pj ^ A{B) 
for all i,j G I. Then the matrix A := (Pj{Pf is a GCM. Moreover, the assignment Ci ep., 

fi 1 -^ e_,a^ for all i e I defines a Lie algebra morphism tt: Qa ^ 5b- 

Proof. Let tt be the Lie algebra morphism from the free complex Lie algebra on the generators 
{ci, fi \i G /} to gB defined by the assignment Ci fi 1 —> e_/ 3 ^ for all i G I. Since Pj — Pi i A{B) 

for all i,j G I, we deduce from |Kac901 Corollary 3.6] that Pj{PP) < 0, so that A is indeed a GCM. 
Moreover, 

[e/ 3 ., C-p^] = 0 for alH, j G / with i A j. 

Similarly, since Si{Pj — Pi) = {\PjiPj')\ + I)Pi + Pj ^ A(i?), we have 

{a.de+p.)'^^^^^' )l+^e+/ 3 ^. = 0 for all i,jel with i A j. 

Hence all the defining relations of 5 a = [ 0(^)5 fl(^)] (see 112.211 lie in the kernel of tt, so that rf factors 
through a Lie algebra morphism tt : 5a 5b- D 
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Theorem 3.10. Let k be a field, B a GCM, and let {Pi \ i s 1} he a linearly independent finite subset 
of such that Pi — Pj f A(i?) for all i,j e I. Let A := {PjiPf ))i,jei be the corresponding GCM, 

and consider the Z-regular map tt: ^ n+(i?) : Ci i—> 6 / 3 ^. Then the following holds: 

(1) The kernel of the exponential tt: (k) of tt is a normal subgroup of &’^°‘{k). 

In particular, if&^'^{k) is GK-simple, then it is injective. 

(2) The restriction of it to LL^fk) extends to continuous group morphisms 

&A{k) t5g(k) and &A{k) &B{k) 

with kernels respectively contained in ZA{k) and ZA{k) ■ n U'^ik)). 


Proof. By Lemma 13.91 the Z-regular map tt extends to a Lie algebra morphism 

(0a)z (0b)z : Gi ep^, fi <->■ e-p^, 

and hence also to an algebra morphism 

TTi: Uk{A)^Uk{B). 


Note that the Z-linear map 

tt: Q{A) Q{B) : Pi 

induced by tt is injective because the Pi are linearly independent. Set K := kerir. 

Choose a Z-basis B of n^{A), as well as exponential sequences for the elements of B. Choose also 
exponential sequences for the elements tt(x) g nj(i3), x e B, a.s in Theorem 13.21 so that for any 
y = YlxeB [exp]Aa;X e we have 

^{y) = n [exp]A2;7r(a:) G U2“+(fc). 
xeB 

Thus, if y G K, then for any i e I the component of WxttB [Gx:p]Aa;7r(a;) G of degree Pi must be zero. 
Since tt is injective and 7r(ei) = ep^ A 0, this implies that Ae^ = 0. Hence K c (fc). 

For each real root a and each r G we set 

s*(r) := exp(adreQ,) exp(adr”^e_Q,) exp(adreQ,) G Aut(Wfc), 

so that s* = s* (1) (cf. 112.31) . For any i G J and r e k^, any homogeneous x e n'^ (H) of degree a A ai 
and any choice of exponential sequence for x, we deduce from (IT7D that 

7f(si(r)([exp]a;)s*(r)-i) = 

^ n^O ^ n^O 

= E = SftW(^([exp]a;)). 

n^O 

In particular, Si{r)K Si{r)~^ c K for any ie I and r e k^. Since the torus T(A:) is generated by 

I *e/, rGfc^} 

(see 112.41) ■ we deduce that ^A{k) ^ ©^™“(A:) normalises K. As &^°'{k) is generated by and 

^A{k), we conclude that AT is a normal subgroup of G^^°'{k), proving (1). 

We now turn to the proof of (2). Let X G {A, B}, and let Ix denote the indexing set of X. Given 
w G W(X) and a reduced decomposition w = ■ ■ ■ Si^. for w, we write 

re* G W* and w := .. .s,, e mx{k) ^ etx{k). 

We recall that w* depends only on w. Similarly, the coset wTx{k) is uniquely determined by w. The 
relations (12.31) and (12.51) in &x{k) respectively imply that 

(3.7) w ■ t ■ w~^ = wft) for any t G Tjf (fc) 


and 


(3.8) 


w ■ u ■ w = 


w*{u) for any u G ©tx(fc)- 
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Moreover, in view of the relations (12.41) . the torus %x{k) is generated by the elements 

(3.9) =s~^Si(r~^) for all r e and z G/jf. 

For each positive real root 7 G we fix some G W(X) and some ij G Ix such that 

7 = Wjai^ (with the choice Wj = 1 if 7 = a,), and we choose the basis elements e-y G Ej and e--y G 
so that Cj = w*ei^ and e_^ = To lighten the notation, we will also write Wj := Wjs^ G W{B) 

and Gj := for all j e Ia, so that 

Pi = Wiao-i and e+/ 3 ^ = wfe±a^. for all i G Ia- 
Defining for all 7 G Al(f(X) the reflection 


:g(A)^Q(A) : A^A-<A, 7 "> 7 , 

we then have Sy = WySt^wp^ G W(X). We will also view Sy as acting on the coroot lattice Q''{X) = 

by 

: Q^' {X) ^Q''iX)-.h^h- < 7 , h)-f\ 

We define the map 


TT: ^A{k) * 


if: Uy{k) 

7 eA”(A) 


©B(fc) : x+aXf) ^ x+pXr), 


x±y{r) 


^{Si ^)) 

n(wyX+a, {r)w. 


7 ^) 


on the free product of ^A{k) with all real root groups Uy{k), and we prove that tt factors through a 
group morphism &A(,k) —> &B{k). Note hrst that 

(3.10) Tt{si{r)) = Tf{xaPr)x-a,ir~^)xaiir)) = xpPr)x-^.{r~^)xij,{r) = w*{sai{r)) 


for all r G and i e Ia- In particular, we deduce from (13.81) that 

(3.11) Tr{si) = w* {sai) = WiSaiW~^ e ^B{k) for all* G/a- 


Hence for any 7 G A™ and r e k, we have 


(3.12) 


?f(a;+^(r)) = n{wyX±a,_^{r)Wy'^) = wl^x±p,^{r){w:^) ^ = w^* {x+fi,_^{r)), 


where 


: = (sa, J ■ • ■ w* (sa,^) G 91 b (fc) and 


TT^ ^ 

“^7 •='®/3i 


■ 4 , 


for some prescribed reduced decomposition Wy = Si^ ... Si,^ of Wy G W{A). Finally, using (13.7() . (13.81) . 
(j3.9p and (13.101) . we see that the restriction of If to ‘IAik) is given for all r G and i e Ia hy 


(3.13) 7f(r“< ) = Tf(s- ^Si(r ^)) = w*(s^.^s^.ir g) = Wiir°‘-^i)w^ = u;i(r“''i) = r 


We are now ready to prove that the image by ff of the relations (12.11) . ()2.2I) . ()2.3I) . (12.41) and (12.51) 
dehning ©^(fc) are still satisfied in ©B(fc). Observe first that tt and tt coincide on U^{k). Indeed, this 
follows from (13.121) and the fact that for any 7 G A™(a 1) and any r G fc. 


TT{xyir)) = 7f(expre-y) = expr7r(e.y) = e:}q)rTri{w*ei^) = exprw'H^* (Xi 3 ^_^ (r)). 

In particular, the image by tt of the relations en) are satisfied in ©b(A:) for any prenilpotent pair 
{a,/3} c A')f(Al) of positive real roots (and hence also of negative real roots by symmetry). Let now 
{a, P) c A''®(H) be a prenilpotent pair of roots of opposite sign, say a G A’)®(H) and P G A™(H). Then 
there exists some w sW such that {wa, wp} c A’)®(yl). Up to modifying e-wa and e-w/B by their opposite, 
we may then assume that wca = ewa and wep = Cwp (note that {a,/3} {wa,wP} c A!J(yl)). Hence 
wWaCi^ = Cyjct and we may thus assume, up to modifying that WyjaWpp = w. Set 

:=wlliwT)-\ 


[xair),xp{s)] = Y[xyiC“^r^s^) 

7 


Consider the relation 
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in 0^(fc) for some r,s s k, where 7 = ia + j(3 runs, as in (j2.ip . through the interval ]«, For each 
7 e]a,/3[N, let e-y e {±1} be such that = e^w*e^. Note that w(]a,/3[N) =]wa, w/3[n- We have 


[xwa{r),Xwp{s)\ = w*([xa(r),a;/3(s)]) = w* r'^ s^)j = 

so that ( 7 ’"“’’"^ = Cia+jfiC^f for all i,j. It then follows from (13.1211 that 

7r([a;«(r),a;y3(s)]) = i((w*)“^([a;u,«(r'), aiu,/3(s)])) = iw^*)~^T^{[xwair), x^pis)]) 
= (w’"*)“^7f([a:u,a(r),a;u,y3(s)]) = 


= [w 


Mn 


Xyjj{ejC°^r'‘s^)] = {w^*) ^nw* 


Ylx^iC^^^s^) 


so that the relations m are indeed satisfied. 

We next check (Ea. Let t = r“i e %A(k) for some r e and some j e I a, and let s G fc and 
i e Ia- We then deduce from (j3.13p and the relations (12.2p . (13.711 and (13.811 in ©^(fc) that 

TT(t ■ Xa, (s) ■t~^) = w* {Xa„. {s))r~^i = W* (r“i Xa„. (s)r““'i ) 

= ry*(a;Q,^. = if (a:^, >s)) 

= 7r(a;ai(t(ai)s)). 


To check (j2.3p . let again t = r“3 G ^A{k) for some r e k^ and some j B I a, and let i e Ia- We then 
deduce from (I3.11I1 . (13.1311 and the relations (12.311 in &B{k) that 


n{s,ts-^) = s-/) = 


_ WiSa-W. 


= r^0i 


3 / = -<P.,PDPi 


= ?f(s,(t)). 


Since (12.411 and (12.511 are an immediate consequence of the definition of tt, we conclude that rf factors 
through a group morphism 

tt: ©R(fc) ^ &B{k), 

which is continuous because it coincides with the continuous group morphism tt on U^{k). In partic¬ 
ular, it extends to a continuous group morphism if: &A{k) &B{k) coinciding with tt on U^{k). It 

thus remains to show that kerir c ZA{k) and kerTr c Z'j^ n >&A(k) = ZA{k) ■ n UX{k)). 

Note that Tr{U^{k)) = TT{U^{k)) c U^{k). Similarly, (13.1111 and (13.1311 respectively imply that 

^{3flA{k))<^3flB{k) and ^(TA(fc)) c TsPfc). 


Let g G kerlf. The Bruhat decomposition 

for &A{k) implies that g = biwb 2 for some w G W{A) and some 5i, 62 G lB+(fc). Hence 

?f(g) = 7r(6i)Tf(w)Tf(62) = 1, 
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SO that the Bruhat decomposition for &B{k) implies that ^{w) = 1. We claim that for any reduced 
decomposition w = Si-^ ... Si^. with fc 1, the element w'^ := G W{B) is nontrivial. Indeed, 

for any i B Ia and A e Q{A), we have 

7f(s*(A)) = 7r(A) - (X,ai)l3i = 7f(A) - <7f(A),/3>'>/3i = s/3,(7f(A)). 

In particular, 7f(u;(A)) = u;'^(7f(A)) for all A G Q{A). Since tF is injective, the claim follows. 

This shows that w G TA(fc), and hence that kerif c iB+(fc). Therefore, 

kerif c (k)h~^ = ZA{k). 

h€&A{k) 

The same argument (using the Bruhat decompositions in and ©^™“(fc)) yields kerlf c 

as desired. This concludes the proof of the theorem. □ 

Remark 3.11. Note that the map if: &A(,k) &B{k) provided by Theorem 13.101 maos ZA{k) into 

ZB{k) by (|3.13D . and hence induces a continuous injective group morphism 

&A{k)/ZA{k) ^ &Bik)/ZBik). 

Example 3.12. Let fc be a field and let a G N with a ^ 2. We define recursively the sequence 
(a„)rieN by uq := a and a„+i := an{a^ — 3). For each n G N, consider the GCM “ 2 " )• By 

Theorem l3.6l the assignment 1 -^ e^, i = 1,2, defines surjective group morphisms 

7r„: 

Similarly, by Theorem l3.1()l the assignment Ci 1 -^ i = 1, 2, where /3i = sia 2 and (52 = S 2 ai, defines 
group morphisms 

which are moreover injective if the corresponding Kac-Moody groups are GK-simple. Indeed, this 
follows from the fact that 


Pi{P2) = {sia-2,S2al) = <a„ai +a2,ai +ana2> = = -On+i, 

and similarly for P 2 {Pi )• Thus, we get two projective systems 


^•n + 1 


11^ 


ma+ 


if' 


ma+ 





^ (fc) ^ ii™;+(fc). 


The projective limit of the first system should be, in some sense to be made precise, the group (fc) 
associated to the matrix A^o = ( ” 2 °) with corresponding Lie algebra n+(Aoo) = freely 

generated by Ci, 62 (see also [KM951 Remark on page 55]). The projective limit of the second system 
is trivial. 


Remark 3.13. If R is a GCM of affine type, then every subsystem {/3j | * G /} c A(R) as in 
Theorem 13.101 yields a GCM A = (/3i(/3y all whose factors are of finite or affine type. For 

instance, the case a = 2 in Example 13.121 together with Theorem 13.101 show that for the affine matrix 
B = (^2 ~ 2 ^)’ Kac-Moody group &B{k)/ZB{k) embeds properly into itself. Note that, at the 
algebraic level, ®B{k) = SL 2 (fc[t, t“^]) and the maps fc[t,t“^] —> fc[t,t“^] ■. t {m ^ 2) provide 

examples of such embeddings. 

By constrast, as soon as B is of indefinite type. Example 13.121 shows that there exist GCM A = 
{\~T) rn,n arbitrarily large such that &A{k)/ZA{k) embeds into &B{k)/ZB{k). 
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3.4. Simply laced covers. A GCM A is called simply laced if every off-diagonal entry of A is either 
0 or —1. Equivalently, A is simply laced if its Dynkin diagram D{A) is a graph with only simple 
(unoriented, unlabelled) edges (see |Kac90l §4.7]). 

Let A = {aij)ijsi be a symmetrisable GCM. A simply laced cover of A is a simply-laced GCM B 
whose Dynkin diagram D{B) has rii vertices 0 (^ 1 ) j • ■ • j c>i{i,ni) for each simple root ai G A(A) (where 
the rii are some positive integers), and such that each is connected in D{B) to exactly \aji\ of 

the vertices oq i), ..., oq for j i=- i, and to none of the other vertices Such simply laced 

covers B oi A always exist, but are in general non-unique (if one restricts to those of minimal rank). 
For more details about simply laced covers, we refer to [HKL151 §2.4]. 

Given a simply laced cover B of A as above, we write the indexing set J of i? as the set of couples 

J = {(bi) I * e -f, 1 ^ j < n,}. 

In particular, we denote by epi j^ and e_(i j) := f(ij) the Chevalley generators of gs, by the 

simple reflections generating W{B), and so on. For a field k, and elements i s I and r e k, we also set 
for short 

rii rii 

2^+(i. )(^) ■= ^ ®s(fc), S(i..)(r) := a;(j,.)(r)a;_(i_.)(r“^)a;(i_.)(r) = ]^S(i_j)(r) G &B{k), 

j=i i=i 

as well as 

rii rii 

«(v) := n "(UA e f^(i?), %,):=%.)(!) G9lB(fc) and sf,4.,) ^ 

i=i 3=1 

Note that each of the above four products (indexed by j) consists of pairwise commuting factors. For 
i G /, we also set 

rii rii rii 

^ ^ Q(-^) and ^ ^ ’ 

3 = 1 3 = 1 3 = 1 

Then for all i,jel and m G {!,...,rij}, 

= Hij- 

We extract from |HKL15l §2.4] the following lemma. 

Lemma 3.14. Let A = (aij)ijsi be a symmetrisable GCM, and let B be a simply laced cover of A 
as above. Then the assignment e+c^ for i s I defines an injective Lie algebra morphism 

71: 0 A ^ 0 B- 

The proof of the following theorem follows the lines of the proof of Theorems 13.21 and 13.101 We 
prefer, however, to repeat the arguments, as a common treatment of these results would necessitate 
very cumbersome notation. 

Theorem 3.15. Let k be a field and A = be a symmetrisable GCM. Let B be a simply laced 

cover of A, and let tt: —> qb be the embedding provided by Lemma \3.14\ Then the following holds: 

(1) There exists a continuous group morphism tt: il™“^(fc) —► il^“^(fc) such that for all r £ k, 
i £ I and 7 G A™(A)\{ai}, 

= X(i^.){r) and 7 r(si ■ x.y{r) • s“^) = • 7 f(a;.^(r)) 

(2) The restriction ofir to U^{k) extends to continuous group morphisms 

&A{k) ^B{k) and (3A{k) &B{k) 

with kernels respectively contained in ZAik) and ZA{k) ■ (Z^ n U^{k)). 
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Proof. For i e I and a multi-index m = (mi,..., mm) e we write 


\m\ := ^ mj and := e™.) eU{B). 

i=i 3=1 

Note that the G+{ij) pairwise commute (for i fixed). Since for any i e I and n G N, 

/ "« \ (") 

4"’,.)- - S 47.’,^"(B) 

4j = l 4 \m\=n 

and since ^(Xiie/j)’ ^c(0a) ^ Uc{Qb) lifting tt at the level of the 

corresponding enveloping algebras restricts to an algebra morphism 

TTi: U{A) -^U{B). 

Moreover, for any i G / and n G N, 

VB>r,(e;"')=Vee!"',. J Veej™’- ^ L S4’)®4’.= S 4’)®4’) 

\m\=n r+s—n It’I =7-|s| = s r+s—n 

= (tii ® 7ri)VAe^"^ 

Since clearly esTTi = ca, we deduce that the restriction of tti to U'^{A) is a bialgebra morphism. 

Note also that tti preserves the N-gradations on IA^{A) and IA^{B) induced by ht: Q+ —> N. In 
particular, the map 

U+{A) ®zk^U+{B)®^k 

obtained from tti by extension of scalars can be further extended to a bialgebra morphism 

^ 2 : U+{A)^U+{B) 

between the corresponding completions. Finally, since 712 preserves the group-like elements of constant 
term 1, it restricts to a group homomorphism 

tt: ilX“+(fc) ^iI™“+(A:) 

by Proposition I2.2f 11. which is moreover continuous because 712 preserves the N-gradations on U'^ [A) 
and {B). 

Let now i e I and r e k. By definition, 

^(a)m(r)) = 7^2 [ ^ ^ =2 1] 

^ n^O n^O ^5=0 17711=71 j = l 

Moreover, since for any u G U{A), 

7ri((expade+«J(u)) = TTi^ ^ ^ (-l)’'e+a,w41i) = E E E E 

^ n>n r-l-.<?=r3. ' r+ 5=77 [t’] = 7 ’[s| =s 


,(b) 

+ (i.-) 


= f ]^expade+(ij) j(7ri(u)), 

\j=i / 

so that 

7ri(s» = s^._.)7ri(u), 

we deduce from the relations (12.511 that for any 7 G A™(A)\{ai}, 

7f(si • x^{r) ■ s“^) = TT r 2 = Y, 7'"7’'i(si'e4) = E 

^ 71 , 1^0 ' n^O n^O 


r So-.iTJ-i 


(7-) 1 W7 


( 4 ”>) 


= S*,_.)Tf(3:,(7-)) = ■ Tf{x,(r)) ■ 


This concludes the proof of (1). 
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We now turn to the proof of (2). Let X G {A, B}, and let Ix denote the indexing set of X. Given 
w G W{X) and a reduced decomposition w = Si^Si^ ■ ■ ■ Si^ for w, we write 


w* :=<4 




and 


U) . Sj'i Sir, 


Si,, G ^x(k) e 6tx(k). 


For each positive real root 7 G A’^(X), we fix some Wj G W{X) and some G Ix such that 
7 = w^ai^ (with the choice Wj = 1 if 7 = Oi), and we choose the basis elements G and 

e_-y G £'_-y so that e-y = w*ei^ and e-^ = 

We define the map 


TT: %A{k) * 


U^(k) 

7 €A“(A) 


©B(fc) : x+a,{r) ^ x+{i^.){r), 


i 

x±j{r) 


7 r(s,- 




n{w^x+r, {r)w 


on the free product of %A{k) with all real root groups U^{k), and we prove that rf factors through a 
group morphism ©^(fc) ^ &B{k). Note hrst that 

(3.14) ^{si{r)) = ^{xaiir)x-a,{r~^)xaiir)) = (r)x_(i,.) (r“^)a:(i_.) (r) = S(i_.)(r) 


for all r G and i e Ia- In particular, 


(3.15) ^(si) = S(i_.) G Dl_B(fc) for all i G Ia- 
Hence for any 7 G and r e k, we have 

(3.16) ?f(x+^(r)) = Tt{w^x+a,^{r)w-^) = (^(wl^)-^ = w;^*(x+(i^,.)(r)), 

where 

uii; :=S(i,GfnB(fc) and := .)... G W*(H) 

for some prescribed reduced decomposition Wj = Si, ... Si, of G W{A). Finally, using (13.141) and 
the relations (12.41) in ©^(fc), we see that the restriction of rf to %A{k) is given for all r G and i e Ia 

by 


(3.17) 5f(r“0=7f(s, Si(r )) = .)S(*..)(' 


^-1 


)-n 

1=1 


hij) 


S(,,j)ir 


-1 


))-n 

1=1 


r“(cn = r (C-). 


We are now ready to prove that the image by rf of the relations ( 12 .IL ( 12 . 21 ) . (12.31) . (12.41) and (12.511 
defining <3A{k) are still satisfied in &B{k). Observe first that if and tt coincide on U^{k) by (13.151) 
and the first statement of the theorem. In particular, the image by tt of the relations (EH) are satisfied 
in &B{k) for any prenilpotent pair {a,/3} ^ A(f(yl) of positive real roots (and hence also of negative 
real roots by symmetry). Let now {a,fl} c A''®( 2 l) be a prenilpotent pair of roots of opposite sign, 
say a G A')®(yl) and (3 e A'^(A). Then there exists some w & W such that {wa,wj5} c A™(H). Up to 
modifying e^a and eu,^ by their opposite, we may then assume that wCa = ewa and wej 3 = (note 
that {a,j3} A {wa,wf3} c A’(®(yl)). Hence wWaCi^ = Cwa and we may thus assume, up to modifying 
lUiua, that WyjctW~^ = w. Set 

TT^ TTsfs / TTHsN—1 

W ■■= ) ■ 

Consider the relation 

[Xa(r),X;3(s)] = 

7 

in <3A{k) for some r,s e k, where 7 = ia + j/3 runs, as in (12.111 . through the interval ]a, /3 [n. For each 
7 G]a,/3[N, let G {±1} be such that Cw-y = e^w*e^. Note that w(]a,/3 [n) =]wa,w/3[N. We have 


[xwa{r),Xwp{s)\ 


w*([xa(r),x/3(s)]) = w* []\x-y{Cif 
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so that = eia+jpC^f for all i,j. It then follows from (13.161) that 

7f([xa(r),a;/3(s)]) = Tf((w*)“^([a;^„(?'), a;^/3(s)])) = x^j/sis)]) 

\ "Y ^ 


so that the relations mi are indeed satisfied. 

We next check (1^ . Let t = r°‘i G for some r e and some j s I a, and let s G fc and 

is Ia- We then deduce from (|3.17ll and the relations ( 12.211 in &B{k) that 

Tii rii 

5f(t •Xa,(s)= r“o.')a;(._.)(s)r"“o.-) = ’“o.-)^s) 

m = l m=l 

rii 

= n ®) = a;(z,.)(<(ai)'S) 

m=l 

= n{Xai(t{ai)s)). 

To check (|2.3D . let again t = e %A(k) for some r s and some j s I a, and let i s Ia- We then 
deduce from (13.151) . (13.171) and the relations (12.311 in ©^(fc) that 

= = 7r(r"‘K)) 

= 5f(si(t)). 

Since (12.41) and (12.51) are an immediate consequence of the dehnition of n, we conclude that rf factors 
through a group morphism 

tt: ©A(fc) ^ &B{k), 

which is continuous because it coincides with the continuous group morphism tt on U^(k). In partic¬ 
ular, it extends to a continuous group morphism tt: &A{k) &B{k) coinciding with tt on U^{k). It 

thus remains to show that kerTr c ZA{k) and kerlf c Z'y^ n <3A{k) = ZA{k) ■ n U'^{k)). 

Note that 7 f(t 7 ^(fc)) = ^([/^'(fc)) c JJ^ik). Similarly, (|3.15l) and (13.171) respectively imply that 

^{^A{k))’^^B{k) and ^TA{k)) ^ TB{k). 

Let g G kerlf. The Bruhat decomposition 

for &A{k) implies that g = biwb 2 for some w s W{A) and some 6 i, 62 e )B+(fc). Hence 

?f(g) = 7f(6l)Tf(w)Tf(62) = 1, 

so that the Bruhat decomposition for ©_B(fc) implies that n{w) = 1. We claim that for any reduced 
decomposition w = sq ■ ■ ■ Si^. with fc ^ 1, the element w'^ := ...S(i^_.) G W{B) is nontrivial. 

Indeed, dehne the Z-linear map 


Tf: Q''(A) ^ Q'^ {B) : 


Hi,-)- 
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Then for any i, j e Ia, we have 




'{i,m) 


IQ-.) - ai*a('*,.) = 7r(si(a/)) 


m = l 


and hence W{si{h)) = (7f(/i)) for any i e I and h e Q'' {A). In particular, W{w{h)) = w^{w{h)) for 

all h G Q'' (A). Since tt is injective, the claim follows. 

This shows that w G Ty 4 (fc), and hence that kerlr c ^+(^k). Therefore, 

kerlf c 1^ {k)h~^ = ZA{k). 

he0A{k) 


The same argument (using the Bruhat decompositions in and <S^‘^{k)) yields kerlf c Z'^^, 

as desired. This concludes the proof of the theorem. □ 


Remark 3.16. As in Bemark 13.111 the map tt: &A{k) &B{k) provided by Theorem 13.151 maos 

ZA{k) into Zsik) by (13.1711 . and hence induces a continuous injective group morphism 

&A{k)/ZA{k) ^ &Bik)/ZBik). 


4. Non-density 

This section is devoted to the proof of Theorem |DJ 

Proposition 4.1. Let k be a field and let B be a GCM. Assume that Ug{k) is not dense in (k). 
Then U^{k) is not dense in 11™“"'" (fc) for all GCM A such that B ^ A. 

Proof. By Corollary 13.71 the surjective map ttab- provided by Theorem 13.61 

restricts to a group morphism U\{k) —> U^ik). Thus, if U\{k) were dense in \T2°''^{k), we would 
conclude that 

3 ^AB(ux{k)) = 7fAB(iir+(fc)) = 

and hence that Ug{k) = il^“+(fc), yielding the desired contradiction. □ 

Lemma 4.2. Let k be a field and A be a GCM. Then U^{k) is dense in 11™“"'’(fc) if and only if the 
minimal Kac-Moody group &A{k) is dense in its Mathieu-Rousseau completion 

Proof. This follows from the fact that is generated by iT^°''^{k) and &A{k) and that (fc) = 

ilX“+(A:) n ©R(fc) (see |Rnu161 3.16]). □ 

The following lemma is a slight generalisation of |Marl41 Lemma 5.4]. 

Lemma 4.3. Let k be a field, and let A = {) be a GCM such that mn > 4. If char A: = 2, we 
moreover assume that at least one of m and n is odd and > 3. Then the imaginary subgroup 1/®"*+ of 
11™“''"(A:) is not contained in Z'j^. 

Proof. Assume for a contradiction that is contained in As noted in the proof of [Marl4[ 

Lemma 5.4], this implies that t/®™+ is a normal subgroup of G^™“(A:). We now exhibit some imaginary 
root 5 G A™, some simple root Oi, and some element x G {n^)s such that 5 — ai e A'f and such that 
ad(/i)a; is nonzero in n^. This will show that the element exp(/i) G il(_a.)(A;) c G^™“(A:) conjugates 
the element [expja; G ii(^s){k) £ t/*™"'' outside [7®™''' (see (12.71) 1. yielding the desired contradiction. 

Set p = char A:. By hypothesis, mn > 4. Up to interchanging m and n, we may then assume that 
n ^ 3. If p = 2, we may moreover assume that n is odd. Set ft := 51 ( 02 ) = 02 + mai G A™ and 
7 := 52 ( 01 ) = oi + no 2 G A™, so that 

<7>ai > = </3,a2 > = 2 - mn, <7, 02> = n, {P,af) = m, and <7,/ 3 ''> = n (3 - mn). 
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Assume first that p does not divide 2 — mn or that p = 0. Set 6 := ai + 7 . Then S e A™ because 
5 (q;j ) = 4 — mn < 0 and ) = 0 (see |Kac901 Lemma 5.3]). Set also x := [ei,e.^] G n]!'. Since 
7 — ai = na 2 ^ A, we deduce that 

[fi,x] = < 7 , a]"> • e^, = (2 - mn) ■ ^ 0 in , 

as desired. 

Assume next that p divides 2 — mn. Since n is odd if p = 2 , this implies that p does not divide 
n(3 — mn). Set <5 := Si(/3 + 7 ) = 02 + si( 7 ). Note that if m 2, then 

(si (5), a]') = m + 2 — mn sg 2 — 2 m < 0 and (si (<5), 02 ) = 2 — mn + n <2 — n< 0 , 
while if m = 1, so that n > 5, then 

'(s2Si(<5 ), Oi ) = cki +a2) = 5 — n^O and (s2Si((5), = —2 < 0. 

Hence 5 e A™ by |Kac 90 l Theorem 5.4]. Set x := [e2,e..y'] G n^, where 7 ' = 51 ( 7 ) G A™. Since 
7 — /3 = —(m — 1 )q;i + (n — l)a2 ^ A and hence also 7' — 02 = 51(7 — / 3 ) ^ A, we deduce that 

[f 2 ,x] = < 7 ',a 2 > • 67 ' = <7:/3''> • 67 ' = n(3 - mn) • 67 / A 0 in 
as desired. □ 

We record the following more precise version of [Marl4l Theorem E]. 

Proposition 4.4. Let k = ¥q be a finite field. Consider the GCM Ai = (_^2 ~ 2 ^) ^2 = ( \ ) 

with m,n^ 2 and mn > 4. Assume that m = n = 2 [modq — 1). //charfe = 2 , we moreover assume 
that at least one of m and n is odd. Then the minimal Kac-Moody groups ©Ai(1Fij) and ©a 2 (I^(?) 
are isomorphic as abstract groups, but the simple quotients and of the 

corresponding Mathieu-Rousseau completions are not isomorphic as topological groups. 

Proof. The proof of |Marl4l Theorem E] on p. 725 of loc. cit. applies verbatim, with the same 
notation. The only difference is that |Marl4[ Lemma 5.4], which is used to conclude the proof, must 
be replaced by its generalisation, Lemma 14.31 above (hence the extra assumption in characteristic 
2 ). □ 

Finally, we prove a slight generalisation of |Marl41 Corollary F]. 

Lemma 4.5. Let k = ¥q be a finite field. Consider the GCM A = { \ ) with m,n^ 2 and mn > 4. 

Assume that m = n = 2 (modg — 1). //charfc = 2, we moreover assume that at least one of m and n 
is odd. Then [/([(F,) is not dense m il™“''"(Fq). 

Proof. Set Ai = (^ 2 ~ 2 ^) ^2 = A. For i = 1,2, we also set Gi := ©^^(Fq), Gi := ©^™“(Fq), 

and Z) := It follows from Proposition 14.41 that Gi and G 2 are isomorphic as abstract groups, 
whereas Gi/Z[ and G 2 IZ 2 are not isomorphic as topological groups. Note also that the Remy-Ronan 
completions ©(4 (F,) of Gi and ©(4 (Fg) of G 2 are isomorphic as topological groups, because the 
isomorphism Gi = G 2 , which is provided by [MaiT4l Lemma 5.3], preserves the BN-pair structures of 
Gi and G 2 (see also the proof of [Marl41 Corollary F] on p. 726 of loc. cit.). Finally, we may assume 
without loss of generality that Gi is dense in Gi, for otherwise (F^) would not be dense in 11™“"*" (F^) 
by Lemma 221 so that the conclusion of the lemma would immediately follow from Proposition 14.II 
Assume now for a contradiction that U^{¥q) is dense in (F^). Then G 2 is dense in G 2 by 

Lemma 221 Hence the continuous surjective group morphisms pAi ■ Gi —> ©( 4 ’'. (F^), i = 1,2, induce 
isomorphisms 

G,/Z[ - ©7^(F,) - &%{¥q) - G 2 /Z' 

of topological groups, yielding the desired contradiction. □ 

Theorem 4.6. Let k = ¥q be a finite field, and let A = {aij)ijsi be a GCM. Assume that there exist 
indices i,j e I such that ja^ | ^ q + 1 and \aji\ ^ 2. Then U^{k) is not dense iniT2°‘^{k). 
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Proof. Consider the GCM B = {\ with m = q + 1 and n = 2. Then U^{k) is not dense 
in 11^“"*" (fc) by Lemma 031 Since B sg “ 2 ^) or i? ^ “ 2 *), the conclusion then follows from 

Proposition 14. II □ 


We now give a completely different proof of Theorem 14.61 which provides another perspective on 
this non-density phenomenon. 


Proposition 4.7. Let fc = he a finite field, and let A = be a GCM. Fix distinet i,j e I, 

and let g e c ( 4 + be one of the twisted exponentials [exp][ei, Cj] or [exp](adei)*-'^^ej. 

(1) If \a,fi > q, then g ^ {k),AT^{k)]. _ 

(2) If moreover \aij \ ^ q + 1 and \aji\ > 2, then g ^ (fc). 


Proof. As usual, we realise il™®"*" {k) inside . Assume that || ^ q. We claim that for any element 
h = XiaeQ ha s V := where ha G Ga (Sz k for all a e Q+, the homogeneous 

components ha^+a^ and hqa^+aj are either both zero or both nonzero. 

Set 

41 = Q+\{mai + naj s Q+ |0^m^g, O^n^l} and := {Ua (x)z k) . 

ae't 


Note that is an ideal of the fc-algebra . To prove the claim, we will compute modulo 
Any element of is congruent modulo G^,^, to an element of the form 

g\ := exp Aci • [exp]A,j(ad = expAci • (1 4- x(A)) mod 

s=0 


for some tuple A := (A, Aq, ..., A,) e where 

9 

a;(A) := Xj •^s(adei)(®)ej. 

s=0 

Using the identity (see for instance [Marl31 Lemma 4.9]) 

exp/rei • a;(A) • exp—= (expad/rei)a;(A) = ^ ^ ) (ad 

s=ot^o A t ) 


and the fact that 

([exp]As(adei)^®^ej) ^ = 1 — As(adei)^'*^ej mod G^^, 

we may now compute, for two tuples A and /i in k^^'^ as above, that 

[5A’ 5m] = • (1 + x(A)) • exp /rci • (1 -I- x{^) ■ (1 - x(A)) • exp -Ae^ • (1 - x{^) ■ exp -gei 

= 1 + (exp ad Aei)a;(A) + (expad(A + g)ei){x{g,) — a;(A)) — (expad/rei)x(/9) 

9 ^ 

= 1 + ^ C's(A,^) • (adei)^®^ej modG^^ 

S=1 

for some polynomials Cs G fc[A, Aq, ..., Xq, p, po, ■ ■ ■, Pq] satisfying 

C'i(AjM) = Xpo — pXo = X'^po — p'^Xq = Cq{X,^. 

Here we used the fact that (j) = 0 in fe unless t = 0 or t = q. 

Let now h = AjaeQ+ ^ Then h is congruent modulo G^.^, to a (finite) product of elements of 
the form as above, say 
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for some tuples V, in The above discussion then implies that there is some c e k such that 

^ai+ctj ^[ 6256 ^] and c(ad 62 ) , 

proving our claim. This shows in particular that g . Since contains the open subgroup 

"'^6 deduce that g ^ V, proving (1). 

Assume now that ja^| ^ q + 1 and \aji\ ^ 2. In particular, the only real roots not in di are the 
simple roots ai and aj (see [KacQOl Chapter 5]). Assume for a contradiction that g G U^{k). Then 

g = exp(Aei) exp(/iej) mod V ■ 

for some X,fi e k. Since V ■ c the components of degree at and aj of exp(Aei) exp(/rej) 

must be zero, so that \ = g = Q. Hence g e V ■ But this contradicts the first part of the proof, 
yielding ( 2 ). □ 

As pointed out to us by Pierre-Emmanuel Caprace, the methods of this section can also be used to 
show that Kac-Moody groups (or even ©^(fc)) are in general not GK-simple if charfc ^ Ma- 

Proposition 4.8. Let k = ¥g be a finite field. Consider the GCM A = ~^) with m,n ^ 2 and 

mn > 4. Assume that m = n = 2 (modg — 1). //charfc = 2 , we moreover assume that at least one of 
m and n is odd. Then ©(^"*“(fc) and &A{k) are not GK-simple, that is, Z'a ci UXih) A {!}• 

Proof. Consider the (affine) GCM B = (_^2 ” 2 ^)- Note first that the hypotheses of Lemma [4.51 are 
satisfied. Hence, as noted in the proof of this lemma, there is an isomorphism of the Remy-Ronan 
completions (5^J{k) of &A(,k) and &ff{k) of ©_B(fc) preserving the corresponding BN-pair structures. 
In particular, the Remy-Ronan completions Uf[^{k) c ©(^(fc) of U\{k) and Uffi'^{k) c ®b(^) of 
Ug{k) are isomorphic. 

Assume for a contradiction that n G^(k) = {!}. Then the surjective morphism (pA- U^{k) —> 
Uffi'^{k) (see ^2.611 is an isomorphism, so that U^{k) = U'ffi'^fik) = Ufifi'^fik). On the other hand, 
it follows from [Rie70| (and the fact that &ff{k) = PSL 2 (A:((t)))) that U^'^{k) is just-infinite: every 
proper quotient of Ufifi^{k) is finite. But Corollary Id. 71 provides a map ttab'- U^{k) —> U'^fik) with 
nontrivial kernel: in fact, kerTTyis is even infinite, as it contains all real root groups in U\ (k) associated 
to positive real roots a = xai + ya 2 with x,y ^ 2 (i.e., by [Kac90[ Exercises 5.25-5.27], the element 
a is a positive real root in both A(®(A) and A™(i?) if and only if nx^ — mnxy -f my^ e {m, n) and 
\x — y\ = 1 , which is easily seen to have no positive integral solutions {x, y) other than (t, y) = ( 1 , 2 ) if 
n = 2 and (x,y) = (2,1) if m = 2. One then concludes as in Remark lb.811 . Moreover, ttab bas infinite 
image, as TTABiUXik)) contains the subgroup of U^fik) generated by the simple root groups. Hence 
UX (fc) cannot be just-infinite, a contradiction. □ 

5 . Non-linearity 

This section is devoted to the proof of Theorem [E] For earlier contributions to the linearity problem 
for the group il™“''"(fc) over a finite field k, we refer to |CR14[ §4.2]. 

We recall that a GCM A = (aij)ijei is called indecomposable if, up to a permutation of the index 
set I, it does not admit any nontrivial block-diagonal decomposition A = ("^^ ^ 2 )' Indecomposable 
GCM are either of finite, affine or indefinite type (see [Kac90[ Chapter 4]). If A is of indefinite type 
and all proper submatrices of A (corresponding to proper subdiagrams of the Dynkin diagram of A) 
are of finite type, then A is moreover said to be of compact hyperbolic type. 

Lemma 5.1. Let A he a GCM of compact hyperbolic type. Then there exists some B A such that 
B is of affine type. 
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Proof. We use the notation of [KacQOl §4.8] for the parametrisation of affine GCM. If A is of rank 2, 
then one can take for B the GCM of affine type or A^\ If the Dynkin diagram of A is a cycle of 
length £+1 for some £ ^ 2, then one can take for B the GCM of affine type A^p. Assume now that the 
Dynkin diagram of A is not a cycle and that A is of rank at least 3. Then A must correspond to one of 
the 7 Dynkin diagrams h[qq, h[qq 


-^iou -^1051 -^1141 -^115 -^116 from CCC+lOl Section 7]. One 


can then respectively choose B to be affine of type , gP , , gP , dP , 


dP and gP- 


□ 


Using the results of |CS15j . we can now prove our non-linearity theorem. 

Theorem 5.2. Let A be an indeeomposable GCM of non-finite type and let k be a finite field. Assume 
that is GK-simple and set G := Then the following assertions are equivalent: 

(1) Every compact open subgroup of G is just-infinite (i.e. possesses only finite proper quotients). 

(2) il™“^(fe) is linear over a local field. 

(3) G is a simple algebraic group over a local field. 

(4) The matrix A is of affine type. 

Proof. Note that the GK-simplicity assumption on <3^°‘{k) allows to view il™“^(fc) (rather than a 
quotient of as a subgroup of the simple group G. 

The implications (4) => (3) => (2) are clear. The implication (2) ^ (3) follows from [CS151 
Corollary 1.4], while the implication (3) => (1) follows from |CS151 Theorem 2.6]. We are thus left 
with the proof of (1) ^ (4). 

Assume thus that is just-infinite, and suppose for a contradiction that A is of indefinite 

type. Assume first that A = has a proper submatrix {aij)ij^j of non-finite type. Consider 

the closed sets of positive roots 

4'./ := A+(A) n 0 Nq;j and 4'/\j := A+(A)\4'j. 

jeJ 

Note that is an ideal in A+(A), in the sense that a 4- /3 G '^i\j for all a G A+(A) and j3 G 'iti\j 
such that a -I- /3 G A+(A). It then follows from IR.oulfil Lemme 3.3(c)] that is normal in 

il™“+(fc) and that 

AT^{k)/A^)^^{k)^ATAk) 

is infinite, contradicting (1). 

We may thus assume that A is of compact hyperbolic type. By Lemma ] 5. 11 there exists a matrix 
B of affine type such that B ^ A. It then follows from Theorem 13.61 that there is a surjective map 
9ab ■ il™“^(fc) ^ il'f)°‘'^{k). This again yields an infinite quotient 

ux“+(fc)/A: = il™“+(fc) 

of il™“^(fc) for K := kerTT^s, in contradiction with (1). This concludes the proof of the theorem. □ 


Remark 5.3. Note that, up to replacing il™“''"(fc) by iI™“^(fc)/Z where Z := Z'j^ n ii.ff°''^{k) in the 
statement of Theorem 15.21 the GK-simplicity assumption on &^°‘{k) can be substantially weakened. 
Indeed, the only issue that may arise in the above proof of Theorem 15.21 if we replace il™“^(fc) by its 
quotient iI™“^(fc)/Z’ is that for A of compact hyperbolic type, the implication (1) ^ (4) would require 
to ensure that the map 

iiZ^{k)fZ ^ iVS-+{k))7rAB{Z) 

induced by ttab has still infinite image. In other words, we need to know that KZ is not open in 
il™“^(fc) where K := kerTr^s, which is a priori much weaker than the GK-simplicity assumption 
Z = {1}. 
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6. On the isomorphism problem 

This section is devoted to the proof of Theorem [F] Let A = (aij)ijei be a GCM, and let fc be a 
field. Set := (fc), and for each n ^ 1, define recursively 

7„+i(iir+(fc)) := [Ur+W,7n(ifr+(A:))], 

that is, 7 „+i(il™“''"(fc)) is the closure inil™“+(fc) of the commutator subgroup 7 „(it™“^(fc))]. 

Remark 6.1. If fc is a finite field of characteristic p > Ma, then is a finitely generated 

pro-p group by |CR141 §2.2]. It then follows from [DdSMSQ^ Exercise 1.17] that {k))) 

coincides with the lower central series of il™“^(fc). 

The proof of the following proposition is an adaptation of the proof of [Roul6[ Proposition 6.11] 
(see also [CRMl §2.2]). 

Proposition 6.2. Let A = {aij)ijei be a GCM and let k be a field. Assume that charfc = 0 or that 
charfc > Ma- Then 7 „(il™“^(fc)) = AJ2°‘^{k) for all n ^ 1. 

Proof. To lighten the notation, we set [/"*“+ = and C/™“ = (fc). Given some n > 1, it 

follows from |Roul6l proof of Proposition 6.11] that 

U^a ^ [jjma+^ jjmaj , all m > 71 + 1. 

Indeed, in the notation of loc. cit., G. Rousseau proves that for any given g G C/™“, there exists some 
i e I and some h e such that g = [expe^, h] mod yielding the claim. By definition of 

the topology on we deduce that Ufiff'i c for all n ^ 1. Since the reverse inclusion 

holds as well by |rioul61 Lemme 3.3], so that 

= [[/ma+^jy-ma] foj. all 71 ^ 1, 

the proposition follows from an easy induction on n. □ 

Remark 6.3. If fc = Fg is finite and such that \aij \ > q for some i,j £ I, Proposition 14.71 shows that 
the conclusion of Proposition [^21 does not hold anymore. 

We now apply the above observations to the study of the isomorphism problem for Mathieu- 
Rousseau completions of Kac-Moody groups over finite helds. We hrst record some known facts 
about complete Kac-Moody groups allowing to recognise specific subgroups from the topological group 
structure. 

For this, we will need to define Kac-Moody groups in a slightly more general context, namely by 
considering arbitrary Kac-Moody root data (see for instance |Roul6[ §1.1] or |Marl3[ §5.1.1]). 

To simplify the notation, we have so far considered Kac-Moody root data V of simply connected 
type, as we are mainly interested in the structure of the subgroup which only depends on the 

GGM A and not on a specific choice of V. For V = {I, A, A, {ci)iei, {hi)i(zi) arbitrary with associated 
GGM A = {aij)ijei, we denote by 6^“ the Mathieu-Rousseau completion of the Tits functor 0 d of 
type V (see |Roul61 §3.19]), and by Zip the kernel of the action of ©|)"“ on its associated building. 

The additional information provided by D is encoded in the torus scheme Tx>- We denote as 
before by = Tu k the standard Borel subgroup of 6^“. Given a subset J ^ I, we let 

tp^“"'"(J) denote the standard parabolic subgroup of 0^“ of type J (see |Roul61 §3.10]). We also set 
T>(J) := (J,^1 j, A, (ci)i6j, {hi)iej) where A\j = and A+(J) := A+ n 

Lemma 6.4. Let D be a Kac-Moody root datum with associated GCM A = o-n-d let k be a 

finite field of characteristic p. Then the following hold: 

(1) If 0^“(fc) contains an open pro-q subgroup for some prime q, then q = p- 

(2) Every maximal pro-p subgroup of <8ll^‘^{k) is conjugated to il™“''"(fc). 

(3) The normaliser o/il™“+(fc) in 0|)"“(/c) is the standard Borel subgroup *8^“^(fe). 
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(4) The subgroups of containing 55^“”'" (fc) are precisely the standard parabolic subgroups 

(5) For any subset J cz I, one has a Levi decomposition{,]) = ■ Moreover, 


Proof. The first two statements follow from [R,em04l 1.B.2] (see also [CR141 Section 2]). The state¬ 
ments (3) and (4) are standard (see e.g. |AB08l Theorem 6.43]). The Levi decomposition in (5) 
follows from [Ron 161 3.10]. As for the identity in (5), the inclusion from right to left is clear, and the 
reverse inclusion follows from the fact that the largest normal subgroup of that is contained in 

il-(,)(fc)isZ^(,)nil-(,)(fc). □ 

To lighten the notation, we will write FllZ'^ := H/{F[ n Z'^) for any subgroup H of ©(^™“(/c). 


Lemma 6.5. Let 22 , be Kac-Moody root data with associated GCM A = and A' = 

respectively. Let also k,k' be finite fields. If a: (3^°‘{k)/Z!p —> (8bf^°'{k')jZip, is an iso¬ 
morphism of topological groups, then k = k' and there exist an inner automorphism 7 of &^°'{k')/Z!pi 
and a bijection a: I ^ I' such that 

distinct i,j G I. 

Proof. By Lemma IQ.d! !! and (2), there exists an inner automorphism 7 of &lfff°'{k')/Z!p, such 
that 70 maps {k)fZlp to il]^“+(fc')/^p.. Then 70 maps to <B™“+(fc')/^c/ by 

Lemma 16.41 31. Hence Lemma 16.41 4]) implies that 7 a maps maximal chains of standard parabolic 
subgroups in ©^“(fc)/Z^ to maximal chains of standard parabolic subgroups in &^°‘{k')/Z!p,. In 
particular, j/j = \I'\ and there exists a bijection a: I ^ I' such that 

7a(<pr+({*})/^^) = for all z e /. 

Hence 

= ‘P™“+({a(*),a(j)})/Z^, for all i,j G I. 

It then follows from Lemma [^^ 5) that 

7a(il^“\A^({ij})(fc)/2'^) = ■^A“\A+({a(i).<TL)})(^')/^x>' 

and hence that 

7 «(US:(p,,„(fc)/^^) = H^:({.(.),.o)})(fcO/^^' for all j G / 

because 

and similarly for As blA+({i j})(^) = remains to prove that k = k'. 

Since each panel of the building of 6 ^“'(/c)/Z^ (respectively, X'j^ of ©^“(fc')/Z^,) is of car¬ 
dinality \k\ + 1 (respectively, \k'\ 4- I)(see for instance [AB081 Chapter 7]), and since X+ = X'_^ 
(as simplicial complexes) by the above discussion, we deduce that \k\ = \k'\ =: q, and hence that 
k = ¥q = k'. This concludes the proof of the lemma. □ 

Remark 6.6. In the notation of Lemma [6.51 if a lifts to an isomorphism a: <S^°'{k) &bflff°‘{k') 
and if ©^“(fc) is of rank 2 (that is, |J| = 2 ), then Lernma lSm il and ( 2 ) implies that 

^a{AT^{k))=A^f+{k') 
for some inner automorphism 7 of ©^“(fc'). 


Lemma 6.7. Let A = {aij)ij^i and B = {bij)ij,^i be GCM indexed by I and let k be a finite field 
with p = char k > Ma, XIb. Assume that the groups il™“^(fc) and Aff°''^{k) are isomorphic. Then the 
following hold: 
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( 1 ) Iiht(a)=ndim 0 (A)„ = i;ht(a)=ndim 0 (B)a for all n > 1 . 

(2) If I = then B = orB = { J ). 

Proof. Let a: ^ be an isomorphism. Then a maps (fc) to for each 

n > 1 by Proposition l6.2l and hence induces isomorphisms of the quotients 

iirUfc)/iirn+l(fc) = all U > 1 . 

In turn, this yields isomorphisms of the additive groups 0ht(a)=n= ®ht{a)=n'^k i^)a by 
|Roul61 Lemma 3.3]. Hence (1) follows from the fact that if dn{A) = Lht(a)=ra biin 0 (H)a, then 
|^|d„(A) jg cardinality of 0 ht(a)=n K (^)«- 

Assume now that I = {i,j}- For X G {A,B}, let be the ideal of the free Lie algebra n'*’(X) 

generated by the Serre relations xfj{X) = ad(ei)^+l'^‘^lej and xF(-A) = ad(ej 0 +l^^be._ Por each 
n ^ 1 , let also n+(X) denote the subspace of elements of n’''(X) of total degree n, that is, the linear 
span of all brackets of the form [d ^,..., ei^] {ig G I). In particular, since is graded, 

ii+{X)/i+{X)=n+{X) foralln^l 

as vector spaces, where in{X) := i+(Ar) n h+(X) and n+(X) := 0 ht(a)=nThe above discus¬ 
sion now implies that 

dim {A) = dim (A) — dim n]]] (A) = dim h][ {B) — dim n]]] (B) = dim (B) for all n ^ 1. 

If loyl = lojil = m, then dimi+(A) = 0 for all n ^ m + 1, while dimi+^ 2 (^) = 2. The corresponding 
assertion for B then implies that | 6 y | = \bji\ = m, proving (2) in this case. 

Assume now that atj A a^i, say m = ja^ | < ja^ij = m!. Then dimi+(A) = 0 for all n ^ m + 1, 
while dim 0 ^ 2 (^) = 1- Again, the corresponding assertion for B implies that m = |0 [ < \bji\ or that 
m = \bji\ < \bij\. Say m = \bij\ < \bji\ = m". For X G {A, H}, let denote the ideal of n+(X) 

generated by a;F(X) = ad(ei)^+'"ej. Assume for a contradiction that m' 7 ^ m", say m' < m" (the case 
m! > m" being similar). Then 

dim 0 + 2 (^) = dim(i+(A) n n+,+ 2 ( 0 ) + 1 = dim(i+(H) n n+,+ 2 (-S)) + 1 = dimi+,_^ 2 (^) + 
yielding the desired contradiction. This concludes the proof of (2). □ 

Theorem 6.8. Let k,k' he finite fields, and let A = {aij)ij^i and B = {bij)ij,^j be GCM. Assume 
that p = charfc > AIa,Mb and that all rank 2 subgroups of&^‘^{k) and &f^°'{k') are GK-simple. 

If a: ^ &^j^°'{k')/Z'g is an isomorphism of topological groups, then k = k', and there 

exist an inner automorphism 7 of ®^j^°'{k')/Z'g and a bijection a: I J such that 

(1) 7 a(il™|“+^ (fc)) = {k') for all distinct i,j G I. 

(2) 6 {(4. Y )) (at T )} for all distinct i,j G I. 

Proof. Since all rank 2 subgroups of ©(^™“(/c) and are GK-simple by assumption, ( 1 ) follows 

from Lemma 16.51 and (2) follows from Lemma 16.71 □ 

Remark 6.9. In the notation of Theorem 16.81 if a lifts to an isomorphism a: 0^°‘{k) ©^"““(fc') 

and if ©(^™“(fc) is of rank 2, then the conclusion of Theorem 16.81 holds without any GK-simplicity 
assumption using Remark 16.61 and Lemma 16.71 

We conclude this section with two further observations on the isomorphism problem, using the 
results from the previous sections. 

Lemma 6.10. Let A = {aij)ij(=i and B = {bij)ij(=i be GGM, and let k = ¥q with charfc = p. If 
XIA < p and XIb ^ q, then and iiff°‘'^{k) are not isomorphic. 
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Proof. By Proposition 16.21 the quotient of (fc) by its commutator subgroup has cardinality 
On the other hand, it follows from Proposition 14.71 that the quotient of (/c) by its commutator 
subgroup has cardinality strictly larger than This proves the claim. □ 

Proposition 6.11. Let A = {aij)ij(=i and B = {bij)ijfzj be GCM with B ^ A, and let k be a finite 
field with charfc > Ma- and {k) are isomorphic, then B = A. 

Proof. Since is a finitely generated residually finite prop-p group by |CR14[ §2.2], it is 

Hopfian, in the sense that every surjective homomorphism from to itself is an isomorphism. 

This is stated for finitely generated residually hnite groups in |LS01[ Theorem 4.10], but the argument 
for topologically finitely generated residually finite groups is the same. Assume now for a contradiction 
that B ^ A. Then by Theorem 13.61 there is a surjective group morphism ttab ■ 

with nontrivial kernel. Hence 11™“"'" (fc) and il^°''^{k) cannot be isomorphic, for this would contradict 
the fact that is Hopfian. □ 

7. Zassenhaus-Jennings-Lazard series 

This section is devoted to the proof of Theorem [G] The general reference for this section is 
[DdSMSQ^ Chapter 11]. 

Given a group G, as well as some positive natural number n, we write G" for the subgroup of G 
generated by the elements of the form p", g B G. We also let "in{G) denote the lower central series of 
G: 

7 i(G) = G and 7n+i(G) = [G, 7„(G)] for all n ^ 1. 

Let fc = Fq be a finite field of characteristic p, let A be a GCM, and set G : = Then G is 

a prop-p group. Set r„ = jniG), and let £>„ = Dn{G) be the series of characteristic subgroups of G 
defined by Hi := G and for n > 1, 

• n [A,H,], 

i+j=n 

where n* := [n/p] is the least integer r such that pr ^ n. The series (H„)„j.i is called the Zassenhaus- 
Jennings-Lazard series of G. The subgroups are also called the dimension subgroups of G. 

For each n ^ 1, the quotient := is an elementary abelian p-group. We view it as a 

vector space over Fp and write the group operation additively. Then 

00 

L '■= ^ Ln 

n = l 

is a graded Lie algebra over Fp for the Lie bracket 

{x,y) := [x,y]Di+j+i e L,+j, 

where x = xDi+i G Li and y = yDj+i G Lj (see |DdSMS9^ p.280]). It is called the Zassenhaus- 
Jennings-Lazard Lie algebra of G. Note that the p-operation 

[p]: Li ^ Lpi :x = xDi+i ^ := a;^Hpi+i 

extends to a p-operation on L, turning L into a restricted Lie algebra ( |DdSMS99[ Theorem 12.8]). 
Lemma 7.1. c for all n ^ 1. 

Proof. We realise as usual inside . For each m > 1, we set 

n (^a(X)zfc)eG+. 

ht(a)^m 

Let g G Then p = 1 4- a; for some x G and hence 

gP = {^YA-xf = l+x^Bl+Ul^^^. 
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In particular, gP e as desired. □ 

Lemma 7.2. r„ ^ Dn < for all n ^ 1. 

Proof. The first inclusion is clear. Since ^ for all i,j ^ 1 by |Roul6l 

Lemme 3.3], the second inclusion follows from Lemma [7.11 and the fact that is the fastest 

descending series with Di = G such that ^ Dpi and [Dt, Dj\ ^ for all i,j ^1. □ 


Corollary 7.3. Assume that p > Ma- Then r„ = Dn = for all n ^ 1. 

Proof. This readily follows from Proposition 16.21 and Lemma [721 together with Remark l6.ll □ 


For each n > 1, set (n^)„ := 0ht(a)=n Then := il™“(fc)/il™0(fc) is isomorphic 

to the additive group of by [Roul61 Lemme 3.3]. We view it as an Fp-vector space and write 

the group operation additively. Set 

00 

mT^k)) :=0L„(iir^(fc)), 

n = l 

which we endow with the graded Lie algebra structure given by the Lie bracket 

{x,y) := [a;,y]il'7^+i(A:) 

for X = xii^+^ik) G L,(il™“+(fc)) and y = yil”!,“i(fc) e Lj(il™“+(/c)). 


Lemma 7.4. Let k be a finite field of characteristic p. The map ^ (k)) mapping an 

homogeneous element x e with ht(deg(x)) = n to ([exp]x)il5]f]l]^(fc) defines an isomorphism of Lie 
algebras over Fp. 


Proof. This readily follows from the fact that ii x,y e are homogeneous with ht(deg(x)) = i and 
ht(deg(y)) = j, then 

[[exp]x, [exp]?/] = [exp][x, y] modil'[].“+i(fc). 


□ 


Corollary 7.5. Assume that p > Ma- Then L = = n]ll as Lie algebras over Fp. 

Proof. This readily follows from Corollarv l7.3l and Lemma (721 D 
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